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Analogy between the p-adic and the differential setting

For p-adic differential equations

Let a € Zp \ Z.

Solution:
n

y(x) =Y === € Gl

n>0 (1 a )n

where (1 —a), =(1—a)(2—a)---(n— a).

Z is dense in Zp, = Ja € Z,, s.t y(x) is divergent

Rmk. ais an exponent
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Analogy between the p-adic and the differential setting

For g-difference equations

fgx) = f(x)

Let g,a € C, |q| = |a| =1, dgf (x) = (g = D)

y(X):Zw7

n>0 (5 q)a
where (a; q)n = (1 — a)(1 — ga)--- (1 — ¢" ).

Remark:

@ When |a| = |g| =1 this series may diverge.

@ o lq is an exponent.
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Example 2x2

Example
q€C [q/ =1 K=C({x}).

The series

_ (g
=2 TG

AeC*, N ¢ qZ<°, is solution of
£ = (0q— 1) o Aoy — ((g = Dx + 1)].
The modules associated to £ is analytically isomorphic to:
K2 — K2

w0 — (5 30

if and only if ®(x) is convergent (— diophantine condition).
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Small divisor problem

Diophantine assumption on q

eq(x) =D >0 (q';)n is solution of

y(gx) = (1 + x)y(x).

It may have radius of convergence between 0 and 1

For any r € [0, 1] there exists g € C, |g| = 1, not a root of unity,
such that the radius of convergence of ey(x) is equal to r.

(_1)n+1
log eq(x) = Z mx" (Hardy-Wright)
n>1 q

For a complete study of eq(x); cf. Lubinsky, 1998.
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Small divisor problem

Diophantine assumption on q

Eq(x) = Z ((1q;_q;;nx,,+1 is solution of

n>1

X day(x) = y(x) = —x.

It converges for |x| < |1 — g|, independently of the choice of q.

Hint. A weak version of the equidistribution criteria allows to prove
that

lim sup |(q; q)n|"/" = 1;
n—o00

cf. Driver-Lubinsky-Petruska-Sarnak, 1991.
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Small divisor problem

Relative small divisor problem

The series

_ (g
=2 TG

n>0

AeCH N ¢ g%<0, solution of

L= (og—1)o[dog—((¢ —)x+1)],

can have any radius of convergence in [0, 1].

) = (1 x" anpy2 L (=x)"
Pl =(1-2) (% (g; q)n) (%q (lq"A)(q;q)n)
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Small divisor problem

Relative small divisor problem

The series > ~(A; g)ax", solution of
(0g =1) o (xAag — (x = 1)) y(x) = 0,

is always convergent of radius of convergence > 1.

cf. Driver-Lubinsky-Petruska-Sarnak, 1991, and Petruska, 1992.
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Analytic classification with |q| =1
Picard group

Analytic classification with |g| =1

Bq— category of g-difference modules over K = C({x}).
Bq— category of g-difference modules over K = C((x)).

Proposition (Soibelman-Vologosky)

If eq(x) is convergent, then

Pic (K,0q) = Pic(O(C*,04) = C*/q% X .
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Analytic classification with |q| =1

Isomorphisms with the associated graded modules

Let M = (M, X,) be an object of By, having Newton polygon
{(piyri) i =1,...,Kk}.

Theorem (DV)

If eq(x) is convergent, then the g-difference module M can be
decomposed in a direct sum:

M=MPIPM>D--- B M,,

such that the Newton polygon of M; has only the slope p; and
rank r;.

Remark. Notice that if u; € Z then M; ®k K admits a basis e
such that X e = eAx#i, with A € G, (C).
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Analytic classification with |q| =1

Isomorphisms with the associated graded modules

B; = full subcategory of B, containing the objects whose Newton
polygon has only the zero slope.

If eq(x) is convergent, then B, is equivalent to the category of
Q-graded objects of BS.
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Modules with only the zero slope

Problem

Some isoanalytic classes correspond 1 : 1 to their isoformal classes.
Which one?ls this phenomenon generic?
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Modules with only the zero slope

M = (M,%,) € Bg with N.P. {(,r)} and p € Z
= 3 e basis of M = M ®k C((x)) s.t.

A .
Yoe= g;, with A € GL,(C).
AN={\1,...,\/} = eigenvalue of A, called exponents.

If € Q then ru € Z and we can reduce to the previous situation
by extending the scalars to K(x'/""), for some ¢’ dividing r. In this
way we can still define the set A.

Consider:

1 n
Pm(x) = Z H (1 — gXi/A)(1 — @ Xi/ X)L — g™ Ai/ X)) .

n>1 AjAGEN

Z
Ai/xjga St
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Modules with only the zero slope

Let B?io the full subcategory of By of the objects are direct sum of
isoclinic objects M such that ®(x) is convergent.

The category BE"" is the largest full subcategory of B4 such that

the scalar extension — ®k K induces an equivalence of category
with its essential image in Bg.
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Modules with only the zero slope
Carcaterisation of the objects of Bg"’

Simple objects of BL"°:

@ rank one modules associated with equation of the form:
y(g) = 2y(x). A€C nel

Isomorphism class: — (Ag%, ).
(simple objects of slope )

o K-modules obtain by restriction of scalars K < K(x/") from
rank 1 g'/"-modules associated to the equation:

y(ql/rxl/r) — %/ry(xl/r)’ = (C*, = Z, (,U,,I’) — 1.
X
(simple objects of slope u/r € Q)
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Modules with only the zero slope
Carcaterisation of the objects of B?"’

Indecomposable objects of BY%:

Iterated nontrivial extensions of simple a object by itself.

Remark. This is the analogue for |g| = 1 of:
1. van der Put-Reversat,2006, for |g| # 1
2. Soibelmann-Vologodsky, 2003, formal case, g not a root of unity.
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Essential singularity

— Extension of scalars to O(C*) — fiber bundles on elliptic curves:

° |q| #1:
© Baranovsky-Ginzburg (1996)
© Sauloy (2004)
© van der Put-Reversat (2006)

° |q| =1:
@ Polishchuk-Schwarz (2002, ...)

@ Soibelmann-Vologosky (2003)
© Mahanta-van Suijlekom (2008)
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