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Abstract

At the beginning, we have been interested in a formal solution

oo
S e THC of the following heat equation with a initial condition:
n=0

Oru—Occu =0,
{ u(¢,0) = 1,154’
where ¢ € C\ 27Zi and 7 > 0.
If set g = e~ 7 € (0,1), z = e°, then the above series takes the form

oo
2
—n° _n
Eq z,
n=0

which is also a solution of a g-difference equation (see the talk of J.
SAULOY, but we will assume that 0 < |g| < 1):

gy(g) —y(z) =L (1)
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Abstract

So we naturally think that it would be workable to study
i q_”zz” with the analytic theory of g-difference equations.
" In the following, | will employe two very different methods for
constructing solutions of (1), i.e., consider sums given by means of
Heat Kernel and Theta function respectively.

At the end of this talk, we will discover a generalized result
on the Mordell's Theorem when comparing the difference between

the two sums by a Stokes analysis.
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Before Starting

we remember that Jacobi Theta function

0(z,q) = Z q”2z”

neZ

satisfies the functional equation
9z0(q°z, q) = 6(z, q),
and also the modular relation

0z.q) = | e Ean (g
ogl/q
(Z7q) |Og1/qe (Z 7q )7

2 |
il _pilosz
where 0 < |g| < 1, and where ¢* = eP¢a and z* = e "'leq are

modular variables.
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Part I. Introduction

o0
Part Il. Summing > q_”zz” by means of the Heat Kernel
n=0

o0
Part IIl. Summing g~ z" by means of Theta function
n=0

Part IV. Generalization of Mordell's Theorem by comparing sums
o0
of 3, g "z
n=0
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In Part I., | shall give some motivations of the study of (1)
from a point view of the analytic theory of numbers. Namely, |
shall give a brief exposition on a paper of Mordell and see how to

lead to the g-difference equation (1).

The equation (1) has a unique power series:
o0
S
n=0

which is divergent for all z € C* := C\ {0}, as it is assumed that
0<|ql <1
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In Part Il. and Part Ill., I shall present two different
summation procedures, each of which allows to define one family
of solutions of (1) that are all asymptotic to the above divergent
series when z — 0 in a suitable domain.

The first procedure (Part II.) will be formed by integrals
involving the Heat Kernel, which are no uniform and so are studied
in terms of the angular argument variable. The second one is
related to Jacobi's Theta function, which is entirely uniform but

admits a spiral of simple poles.
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In Part IV, | shall compare the functions defined in the
previous parts and give a natural generalization of Mordell’s

Theorem such as

Ioz

/OO e%+2m g Iog 1/qe4log1/q Z )\)n
oo €71 V. o g2 1-— )\q2”

Z

Z *n2 )\*)
()\* ) 1— )\* *2n ’

neZ

where

*

q=e", q'=ek,

e C* \ q2Z7 = efﬂ'ilogq,

7= e—27rix cC* \ (7)\q22+1)’ 7 = e—wilogq.
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Part I. Introduction

fe'e) eaX2+b>< d

3 L. J. Mordell, The value of the definite integral f -y
Quarterly Journal of Mathematics 68 (1920), 329-342.

00 @ +b><

[§ L. J. Mordell, The definite integral f Sora dx and the
analytic theory of Numbers, Acta Math. 61 (1933), 323-360.
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Part I. Introduction

Mordell begun his paper(1933) with the following observation:
Professor Siegel in a memoir recently published dealing
with the manuscripts left by Riemann has pointed out that

Riemann dealt with some integrals of the type

00 eax2+bx
/:/ de
oo €EX 4+ d
in his researches on the zetafunction. Not only can the usual
functional equation be thus found, but also an asymptotic
formula is obtained for the zetafunction of which the first

term gives the well known approximate functional equation

due to Hardy and Littlewood...
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Part I. Introduction

On the other hand, as said by Mordell himself, the starting
point of his investigations was the theory of the positive, definite

binary quadratic form
ax? + 2hxy + by?,
where a, h, b are integers, so that the determinant of the form is
h?> —ab=—D <0, say.

Let F(D) be the number of uneven classes of forms of given
determinant —D, that is, classes of forms in which a and b are not

both even.
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Part I. Introduction

The formulae for the class number known since
Dirichlet(1839), shows that when —D is negative and has no

squared factors > 1,

F(D) = 2VB("D) + 5 () + 5 (5

T 1 3V 3 )+

Let g = €™ with Sw > 0 and let
Q)= F(ng"
n=1

be the generating function for F(n).
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Part I. Introduction

Mordell(1916) discovered the following expression for the
generating function for Q(w) :
i £,,(0)
Q _ 01
(w) 47 o1
where fp1(x) denotes the unique integral function defined by the

functional equations
fbl(X + 1) — fOl(X)a
for(x + w) + for(x) = Go1(x)

and where 01 = 0p1(0,w), Oo1(x,w) being one of the four Jacobi

functions:
o0

901(X,w): Z (_1)nqn262n7rix'

n=—oo
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Part I. Introduction

In order to express "modular” relations connecting Q(w) and
Q(—1), Mordell(1919) used the integrals [ dt:

0o e2Tt+]

teﬂ'/wt2

0 ¢ Tiwt?
/ e2e7rt_ 1d = 2Q(w) + 5V (—iw)Q(——) + 900(0 w),

& teﬂ'fwt2 ) .
7(”: — _1 n,_— 4 _ 1 2(4n—
/—oo et 41 nz_:l( )"F(4n —1)q*
S
+ mz n ]_F
n=1
. 00 , .
where g1 = e~™/% and fpo(x,w) = 3. g™ e2"ix,

n=—oo
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Mordell published his paper about the definite integral

S, €5 dx in 1933,
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Part I. In ction

Theorem(Mordell,1933) Let Sw > 0. Let f be the integral

function of x defined as follows:
+oo

if (x,w) = Z

m odd

(_1)%(m—1)q%m2 emmix
1+gm

Let 611 be the following Jacobi theta function:
+oo
i(x,w) = Y (~1)Hm-Dgim emmix
m odd
Then

dt = —«
E‘27rt -1 w@ll(x,w) ’

where the path of integration may be taken as either the real axis of t indented

/oo emiwt?—2mtx F(X,—1) +iwf(x,w)

by the lower half of a small circle described about the origin as center, say the
path (—o0,0, 00), or as a straight line parallel to the real axis of t and below it

at a distance less than unity. Such a path may be denoted by Po, ;.
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Part I. Introduction

The above-used integral function f can be uniquely defined

by two equations such as
f(x+1)+ f(x) =0,

f(x+w)+ f(x) = 011(x).
By the way, the integral function fy1(x) is another function of the

type f(x).
On the other hand,

011(x + 1) = —611(x),
O11(x +w) = —e_”i(2x+‘”)911(x).
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Part I. Introduction

If set g(x) = 9';(22), then

g(x+1) =g(x),
e M) g(x 4+ w) — g(x) = —1.

As before, let g = €™, If z = 72" and G(z) = g(x),
then:
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Part I. Introduction

So we shall consider the g-difference equation (1):

ay( qz) y(z) = -1,

which admits a unique power series solution, i.e.,

o0
n=0
As 0 <| g |< 1, the formal solution y(z) diverges for all z # 0, so

we can say the equation (1) admits an irregular singular point at
z=0.
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Part I. Introduction

It is well-known that a similar phenomenon occurs for the
non-Fucshian differential equation, the so-called Euler's differential

equation (see J. SAULOY's talk):

which has the power series solution > n!z", obviously divergent
n>0

for any z € C* := C\ {0}.
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

--»>Based on g-Gevrey asymptotic analysis
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0
From now on, assume w € Rt/ and write 7 = —mwiw > 0,
¢ = —2mix, i.e.,

g=e"€(0,1), z= €.

o0
Then the g-series > q_”zz” takes the form
n=0

oo
n=0
which, as we know, is the formal solution of a Cauchy problem
related to the Heat equation:
8Tu - 8<<U = 0,
u(¢,0) = 1_164.

21-25 septembre 2009 CIRM, Marseille-Luminy




0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

Suppose ¢ be over a line parallel to the real axis but not
passing by any complex number of the form 27 mi,
m=0, £1, 2, .-+, i.e, ( € (—oo+ ai,00 + ai) for a € R\27Z.
By means of the Heat Kernel, the above-stated initial value
problem on the line (—oco + «i, 00 4+ «i) has the following solution:

)2

ocotai ,— 1
N[ e
And it is easily seen that the right integral remains convergent
when extending the interval of definition of the variable { to the

whole complex plane C, which is still denoted by u, (¢, 7).
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

Theorem 1(Zhang, 1999). For any a € R\ 27Z and any z

over the Riemann surface C* of the logarithm, we define

fo(z,q) = ua(logz,In1/q).

Then (i) f.(z, q) is holomorphic over C*, and if o and 3 belong to
a common interval of the set {« € R\ 27Z}, then
fa(za q) = fg(Z, q)'

B omi ] — (log z—2m ke, i)?

(i) fa(ze™™, q) = fu(z,q) = i\ /rige "¢, where
27k, is the integer between o and « + 27.

(iii) fo(z, q) is the unique solution of (1) which admits
o0
> q_”2z” as g-Gevrey asymptotic expansion at z = 0 along the
n=0

direction (0, coe®’).
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

Let f_(z, q) be the function associated with f,(z, q) for
a € (—2m, 0), then

(log z—£)?
41Inq

\/W/ 1—ef

where the path of integration may be taken as either the real axis

f(z,9) = d,

of ¢ intended by the lower half of a small circle described about
the origin as center, denoted by the path (—oo, 0, c0), or as a
straight line parallel to the real axis of t and below it at a distance
less than 27.

So the function f_ is a variant of the function given by the

integral in Mordell’s Theorem.
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

Namely, if we set g = e™* and z = e~ 2™, then

ﬂ—x2 0o e%+2wtx d f ( )
t = I- Z? q )
—IU.) oo e27r1: -1

so that one can write
0o miwt?—2rtx

/ e * *
flw e lw wdt: f,(z ,q )7

_mi X
where ¢* = e % and z* = ™%,
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

Since
fa+27‘r(za CI) — fa(ze_zﬂ'ia q)7
we get

T (ogz)?
e 4Ing

2 ) £ (z.0) = i\ e

where the function given in the right hand is infinitely small or said

flat as z — 0 and is the solution of the homogeneous g-difference
equation associated with (1):
z ,z

@) @ =o

On the other hand, the above relation can be seen as a Stokes
phenomenon in the singular direction argument 0 € 277 in the

Riemann surface of logarithm.
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

Remarks. % The solution f, can be formulated in terms of

Fourier analysis. Namely, from the Gaussian integral, it follows that

2
t
- eina " dt.

___ 1 /°°
9 VArtinl/q J -

(o]

So the power series q*”zz” may be associated with the integral
n=0

of the type:

2

t

eélng
= 4t
1— zet

el

which gives rise to the integral function f,.
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0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

% Here is the so-called Gg-summation:

= Z anqn2€n

n>o

cotai (1ogzg)?

47T|n1/ /OO—HM 4Ing (P(f)df

where f is asymptotic to the starting power series f. This

= f(§) =

procedure can be applied to any power series solution when the

g-difference equation admits a unique slope for its Newton polygon.

21-25 septembre 2009 CIRM, Marseille-Luminy



0 2
Part II. Summing > g~ " z" by means of the Heat Kernel

n=0

% If one repeats Heat Kernel integrals, one can obtain a
g-Gevrey asymptotic solution of each power series solutions of any
irregular singular linear g-difference equation: multisummability in

g-difference equation cases.
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

--+Based on an elliptic summation approach

21-25 septembre 2009 CIRM, Marseille-Luminy



0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

Suppose now 0 < g < 1. we will note Jacobi theta function

0(z) =6(z,q) = Zqz zeC".

nez

From the functional equation

0(2) = 9z0(q°2),
we deduce that
0(¢°"z) = q*"2z*"0(z),
so, provided that #(\g?") # 0 for all integers n,

Z 1 . Z qnz)\n -1
2 - — 4
w000 1 0

*
for any A € C*.
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

On the other hand, from Jacobi’s triple product formula

2n+2 2n+1 q2n+1
H(l Y1+ 2z )(1+ —),
n>0 z

we deduce that (\g?") # 0 holds for all A € C*\(—q?2+1).
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

Because of the above deduction, we can get, for any integer
m € Z and any )\ € C*\(—q¢%*T1),

DL

ge,\q2Z neZ

)\m—‘,—nq(m—‘,-n)2 B
ZO N

—m

Thus the divergent power series > q*”zz” may be written as a
n>0
double series and by this way we are led to ) 1_1 zﬁ.
ﬁE)\qM
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

So if A € C*\g??, we can define

EE)\q2Z o 0(%)
or equivalently,
1 q"2 An
a\\z,q) = —) >

for all z € C*\(—Ag?2™1).
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

Theorem 2(Zhang, 2002). If A € C*\ ¢%2, we define

2

1 q" Ap
Z, = —) >
£x(.9) e(i)él_mzn(z)

for all z € C*\ (—Ag?ZT!). Then

(i) g is holomorphic over C* \ (=Ag?**1) and admits
(—Ag??*t1) as a set of simples poles.

(ii) gx(2¢*™, q) = gx(2, 9).

(iii) gx(z, q) is the unique solution of (1) which admits the
power series §: q_”2z” as asymptotic expansion for z — 0 in

n=0
C*\ (—Ag?Z*1) in the following sense:
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

there exist C > 0, A > 0 such that for all N € N* and € > 0 small
enough

N-1

2 C a2
!gA(Z,q)—;}q T2 < —AVgN 2|,

3

where z € C*\ U {¢*1z:|z+ )\ <€}
nez

This asymptotic relation is stronger than Poincaré’s asymptotic

manner, but little weaker than g-Gevrey asymptotics.
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0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

Remark. % Since \ — gy(z, q) is left invariant by \ +— g2\,

one can calculate the cocycle g\ — g, as follows:

&x(z,9) —gu(z,q) = K(é\(j)z)

where \, i € C*\g*%, z € C*\(=Ag***) N C*\(~pg****) and

(6% ¢°)3.0(=2q)0

(
KA p,z) = 0(—q1)0(—2)0(2)0(%)

21-25 septembre 2009 CIRM, Marseille-Luminy



0 2
Part IIl. Summing > ¢~ ™ z" by means of Theta function

n=0

Such elliptic cocycles play the role of Stokes multipliers and

allow to classify the corresponding g-difference equation.
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n2

Zn

Part 1V. Generalization of Mordell's Theorem by comparing sums of Z q-
n=0

--»>Based on Stokes phenomenon analysis
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Part 1V. Generalization of Mordell's Theorem by comparing sums of Z (f"2
n=0

The main idea is to use the simple fact that if y; and y», are
two solutions of (1), then y; — y» will be a solution of the
associated homogeneous equation and be flat or asymptotically

zero. Let us consider

in(z.a) = 11/ e (1 (20) - (2. )

where A € C*\g?? and C*\(—\g?Z*1).
Remember that f_(z, q) and gx(z, q) are two solutions of (1)

and

T (g2
e 4Ing

In1l/q ’

g\(ze7?™ q) = g\(z, q).

f(ze 2 q)—f(z,9) =i
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Part 1V. Generalization of Mordell's Theorem by comparing sums of Z q’"zz"
n=0

By considering the initial equation (1), we find the following

relations:

V4
h)\(?7 q) = h)\(Z, q)7

72 H
e Inq IOgZe ﬁh)\(ze_Zﬂ-” q) - h)\(z7 q) = 1

72 i :log z

If we set g* = end and z* = e " ™, then

Z \x * 27 —2miy*
=) =z, (ze =—
(52 ( ) =47
Consider h}(z*,q) = —hx(z, q). It follows that
hi(z°e*™, q) = h(z", q),

* *

wr Z *
7h)\(W7 q) - h)\(z*a q) =—-L
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Part 1V. Generalization of Mordell's Theorem by comparing sums of Z q

By observing that h}(z*, q) is holomorphic over
C*\(—=A*q*22*1) and admits simple poles in the g-spiral

(—A*q*?Z*t1), we conclude that
(", q) = ex(z%, %),

and then get our main theorem:
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nzz

Part 1V. Generalization of Mordell's Theorem by comparing sums of Z q-
n=0

Theorem. The following relation holds for every A € C*\ g?*

) T (logz)?
f(z,9) = gx(z,q) — i/ Inl/qe ima gy« (2%, q%), (2)

-log z -log A
2 T —== —Ti ==
where q*:e”/'”", z¥=e ""ha and \* =e ing , or

equivalently
og Z— 2
| o0 e(l ilnq‘g) | q72 )\
V n /q oo (z) neZ

T w1 AN
nl e 4lng v Z 1\ *2n(7*)n‘
nl/q 0*(2%) 2=, qrn’z
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o0

On the other hand, we remember that

2
_me [ e75+21txd f(z.9)
———dt=1_(z
(—iw) Co €71 9

so that we find the following generalization of Mordell’s Theorem:
for any A € C*\ ¢?% and any z € C*\ (—)\q2z+1),

at? | 2wix
/OO elw+ w dt: A/ —[w elw Z )n
e e2rt _ 1 )\q2n

2

1 q*n )\*

+‘9*(>\7*) Z 1— )\*q*2n(;)n’
z* /) ne’z

where, as before, the path of integration in the left hand is taken as the real

axis of t indented by the lower half of a small circle described about the origin

as center.

21-25 septembre 2009 CIRM, Marseille-Luminy



o0

Part IV. Generalization of Mordell's Theorem by comparing sums of

Remarks. % The Mordell's Integral can be included as a
particular case:
A= 1e7”'.
q

% In the above formulae, g is firstly assumed to be in (0,1). By
the standard argument of analytical continuation, the formulae

remain valid for all g = ™ with 3(w) > 0.
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Before Ending

Lately, we consider a more general integral of the type

2
Tt 27Xt
7r><2 o0 € iw + w

iw 7011:7

1 _
- me ., et _ g2

where k is a positive integral and v € C with Sv € (—1,0] and

I(v,x) = I(v,x;w) =

where the path of integration may be any straight line parallel to
the real axis of t and just below the point v at a distance less then
unity, i.e., the line (—oo + v — i€, 00 + v — ie) with € € (0,1).

Some analogous results may be obtained on these integrals.
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END.

Thank you for your attention.
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