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Introduction

We recall the precise statement. Let M = (M, ®,) be a g¢-difference module of finite rank p over a
g-difference algebra A C K(z), essentially of finite type over the ring of integers Vi of the number field
KE By definition, M is regular singular at zero if M ® 4 K((«)) has a basis over K((z)) in which @,
acts through a matrix in GI,(K). We say that M is regular singular if it is regular singular at 0 and at
00, i.e. if it is regular singular at 0 after a variable change z = 1/x.

Theorem 1 Let the set ¥, of finite places v of K such that M has unipotent reductiorﬂ modulo w,
be infinite. Then the g-difference module M is regular singular.

In [DV02, Th. 6.2.2] we used a result of Pragmaan [Pra83] (cf. also [DV02l 1.4.4]) about the formal
classification of singularities of finite difference operators. Here we follow [Kat70, §11].

Proof of theorem [1I

Of course it is enough to prove that 0 is a regular singular point for M.

Proposition 2 [Sau00, Annexe B| Let M,y = M ®4 K (x). The following fact are equivalent:
1) M is regular singular at 0.
2) The action of ®, on one (and actually on any any) cyclic basi:ﬂg of Mg (x)

0 0] ao(x)
(1) Dpe=¢e : . " alfx)
0 . 1 au_.l(:v)

is such that ag(x),...,a,—1(x) € K(x) have no poles at 0 and ao(0) # 0.

Let d € N be equal to 1 or to a multiple of u! and let L be a finite extension of K containing an
element ¢ such that ¢ = . We consider the field extension K(x) — L(t), x — t%: the field L(t) has a
natural structure of g-difference algebra extending the g-difference structure of K(z). It follows by the
previous proposition that:

Corollary 3 The g-difference module M, is regular singular at x = 0 if and only if the g-difference
module My, is regular singular at t = 0.

Proof. It is enough to notice that if e is a cyclic basis for Mg (,), then e ® 1 is a cyclic basis for
My & Mpg(z) @k (r) L(t) and P5(e ® 1) = P4(e) @ 1. W

In the next lemma we construct a rational gauge transformation that allows to avoid the use of the
much stronger Praagmann [Pra83| result:
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2for the definition of unipotent reduction cf. [DV02] §5]

3¢f. [DV0OZ, §1.3]



Lemma 4 There exists a basis f of the g-difference module M ), such that ®zf = fB(t), with B(t) €
Gl,(L(t)), and an integer k such that

(2)

By | Br-1

B(t) = " + = +...,as an element of Gl,(L((t)));
By, is a constant non nilpotent matrix.

Proof. We follow [Kat70, §11]. If 0 is a regular singular point for Mg (,), it follows from the previous

proposition that it is enough to chose d = 1 and K(x) = L(t). Therefore let us suppose that Mg ;) is

not regular singular at 0 and fix a cyclic basis e of Mg (,: then ®,e = eA(x), with A(z) of the form .

Let

(3) k= max <M ! jordt_oaj(td)> #0.

Notice that the rational number k is actually an integer. Consider the basis f = eF(t) of My with
F(t) = diag(1,t*,...,tm=D%) Then

0 - 0 ‘ ao(td)@(u—l)kt(u—l)k
t*k 0 ay (td)Z]"(ufl)kt(u72)k
bgf = [ [F(t) ' A(x)F(gt)] = f
0 R au (gt

It follows from that ord,—oa;(t%)gH~V*¢(r=3=DF > _k and that we have an equality for at least one
j=0,...,u— 1. hence that

0 0 ‘ bo
B 1 0] b
dif = f (’“ + h.o.t) . with By =
= =\ tk . :
0 1| byt
and by, ...,b,—1 € L not all equal to 0. One can verify recursively that det(t— By) = t# — Zi:O ..... p—1 b;tt

and hence that By is not nilpotent. B

Let B C L(t) be any g-difference algebra essentially of finite type over the ring of integers Vj of
L, containing the entries of B(z). Then there exists a B-lattice N of M) inheriting the g-difference
module structure from M) and having the following properties:
1. N has unipotent reduction modulo infinitely many finite place of L, namely almost all the places
dividing a place in X,,;p;
2. there exists a basis f of N over B such that ®;f = fB(t) and B(t) verifies .

Iterating the operator ®z we obtain:

7(f) = fBM)B(qt)--- B 't)=f <Wf’“ﬁk + h.o.t.)
gz am

We know that for almost any finite place w of L for whom we have unipotent reduction the matrix B(t)
verifies

(4) (B®)B(@Gt) - B@=t) —1)"™ = 0 mod w,,

where w,, is an uniformizer of the palce w, k,, is the order ¢ modulo w,, and n(w) is a convenient positive
integer. Suppose that k # 0. Then B;* = 0 modulo w,,, for infinitely many w, and hence that By is a
nilpotent matrix, in contradiction with lemma[] So necessarily k£ = 0.

Finally we have ®z(f) = f(Bo + h.o.t). It follows from (4) that By is actually invertible, which
implies that My ;) is regular singular at 0. Corollary |3 allows to conclude.
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