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Introduction

For an algebraic complex semisimple group G and for a fixed ¢ € C* = C . {0}, |¢| # 1, V.
Baranovsky and V. Ginzburg prove the following statement:

Theorem 1 ([BG96, Thm. 1.2]). There exists a natural bijection between the isomorphism
classes of holomorphic principal semistable G-bundles on the elliptic curve C/q” and the
integral twisted conjugacy classes of the points of G that are rational over C((z)).

*Work partially supported by ANR, contract ANR-06-JCJC-0028



The twisted conjugation is an action of G(C((x))) on itself defined by
(9(2), a(x)) — 9Wa(z) = g(gz)a(z)g(x) "
An equivalence class is call integral when it contains a point of G rational over Cl[z]].

As the authors themselves point out, this result is better understood in terms of g¢-
difference equations. If G = Gl,, then the integral twisted conjugacy classes of G(C((z)))
correspond exactly to the isomorphism classes of formal regular singular ¢-difference systems.
In fact, consider a g¢-difference equation

Y(qz) = B(x)Y(z), with B(x) € GI,(C((z))).

Then this system is regular singular if there exists G(z) € GI,(C((z))) such that B'(z) =
G(qx)B(x)G(z)~! € GI,(C[[z]]). In this case if Y () is a solution of Y (qz) = B(z)Y (z)
in some g¢-difference algebra extending C((x)), then W(xz) = G(z)Y (x) is solution of the
system W(qz) = B'(x)W (z).

Y. Soibelman and V. Vologodsky in [SV03] use an analogous approach, via g-difference
equations, to understand vector bundles on non commutative elliptic curves. Their clas-
sification, and hence the classification of analytic g-difference systems, with |¢| = 1, is a
step in Y. Manin’s Alterstraum [Man04], for understanding real multiplication through non
commutative geometry.

In [SVO03], the authors identify the category of coherent modules on the elliptic curve
C*/q”, for ¢ € C*, not a root of unity, to the category of O(C*) x ¢”-modules of finite
presentation over the ring O(C*) of holomorphic functions on C* (¢f. [SV03] §2,83]), both
in the classic (i.e. |g| # 1) and in the non commutative (i.e. |¢| = 1) case. For |¢| = 1,
they study, under convenient diophantine assumptions, its Picard group and make a list of
simple objects. In the second part of the paper, they focus on the classification of formal
analogous objects defined over C((x)), namely of C((x))-finite vector spaces M equipped
with a semilinear invertible operator ¥,, such that 3,(f(z)m) = f(gz)X,(m), for any
f(z) € C((x)) and any m € M.

In this paper, we establish, under convenient diophantine assumptions, an analytic clas-
sification of ¢-difference modules over the field C({z}) of germs of meromorphic functions
at zero, proving some analytic analogs of the results in [SV03] and in [BG96].

k) %k X%

We fix g € C, |¢| = 1, not a root of unity. Let B, (resp. Eq) be the category of ¢-difference
module over K := C({x}) (resp. K : C((z))). Let us consider a ¢-difference module over K
and fix a basis e such that X,e = eB(z), with B(z) € GI,(K). If it is a regular singular, or
equivalently if its Newton polygon has only the zero slope (cf. , then we can choose a
basis f of M @k C((x)) such that ¥, f = fB’ and B’ is a constant matrix in GI,,(C). When
lg| # 1 we do not need to extends the scalars to C((z)) and we can find such a basis f over
K. When |¢g| = 1 this is not possible in general because of some small divisors appearing in
the construction of the basis change.

The dichotomy between the “|g| # 1”7 and the “|¢| = 1”case becomes even more evident
when the Newton polygons has more than one slope. In fact, let (A,%,) be an object of
B,, with a Newton polygon having slopes u; < --- < i, such that the projection of p; € Q
on the z-axis has length r; € Z~¢, and let (]/\4\7 i;) be the formal object in Eq obtained by
scalar extension to K. If lg| = 1, the analytic isomorphism classes in B, corresponding to

the formal isomorphism class of (J\/J\ , i\q) in Eq form a complex affine variety of dimension
(¢f. [RSZ04], [Sau02a], [vdPRO6])

Do riri(pg — ).

1<i<j<k



When |g| = 1 it may happen that the formal and analytic isomorphism classes correspond
one-to-one or that the situation gets much more complicated than the one described above
for |g| # 1.

The object of this paper is the characterization of the largest full subcategory Bflso of
B, such that the extension of scalars “— ®k C((z))” induces an equivalence of categories of
Bff" onto its image in BAq (i.e. that the formal and analytic isomorphism classes coincide).

The objects of szs" are g-difference modules over K satisfying a diophantine condition
(cf. and below). They admit a decomposition associated to their Newton polygon,
namely they are direct sum of g-difference modules, whose Newton polygon has one single
slope. The indecomposable objects, i.e. those objects that cannot be written as direct sum
of submodules, are obtained by iterated non trivial extension of a simple objet by itself. The
simple objects are all obtained by scalar restriction to K from rank 1 ¢'/"-difference objects
over K(t), x = t", associated to equations of the form y(¢*/"t) = t%y(t), with A € C* and
w € Z, with (p,n) = 1.

If we call Bfl“”"’f the subcategory of Bfls" of the objects whose Newton polygon has only
one slope equal to zerdzl7 then we have:

Theorem 2. The category Bf]so 1s equivalent to the category of Q-graded objects of Bf]so’f,
i.e. each object of Béso is a direct sum indezed on Q of objects of Bflso’f and the morphisms
of q-difference modules respect the grading.

Notice that Soibelman and Vologodsky in [SVO03] prove exactly the same statement for
the category of formal g-difference module B,. Moreover we have:

Theorem 3. The category Bffo’f is equivalent to the category of finite dimensional C*/q*-
graded complex vector spaces V' endowed with nilpotent operators which preserves the grading,
that moreover have the following property:

Let Ay, ..., A\n € C* be a set of representatives of the classes of C*/q% correspond-
ing to non zero homogeneous components of V.. The series ®(g,p)(x) (defined in

Deﬁnition 18 convergent.

Combined with the result proved in [SV03] that the objects of gq of slope zero form a
category which is equivalent to the category of C/q%-graded complex vector spaces equipped
with a nilpotent operator respecting the grading, this gives a characterization of the image
of Bi#>/ in By via the scalar extension.

To prove the classification described above, one only need to study the small divisor
problem (cf. . Once this is done, the techniques used are similar to the techniques used
in ¢-difference equations theory for |¢| # 1 (¢f. the papers of F. Marotte and Ch. Zhang
IMZ00], J. Sauloy [Sau04], M. van der Put and M. Reversat [vdPRO6], that have their
roots in the work of G. D. Birkhoff and P.E. Guether [BG41I] and C.R. Adams [Ada29]).
The statements we have cited in this introduction are actually consequences of analytic
factorizations properties of g-difference linear operators (cf. below). Finally, we point
out a work in progress by C. De Concini, D. Hernandez, N. Reshetikhin applying the analytic
classification of g-difference modules with |g| # 1 to the study of quantum affine algebras.
The study of ¢-difference equations with |g| = 1 should help to complete the theory.

A last remark: the greatest part of the statements proved in this paper are true also in
the ultrametric case, therefore we will mainly work over an algebraically closed normed field

Gl
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1 A small divisor problem

Let:

e ¢ = exp(2inw), with w € (0,1) \ Q;
e \ = exp(2ima), with a € (0,1] and X & ¢Z=°.

We want to study the convergence of the ¢g-hypergeometric series

n

(1.0.1) S (@) =Y ~—— € Clla]],

= M)

where the g-Pochhammer symbols appearing at the denominator of the coefficients of ¢4, 1) (z)
are defined by:

{ ()\KI)(): )
N =(1=X(1—g\)--(1—¢g"'N\), forn>1.

This is a well-known problem in complex dynamics. Nevertheless we give here some proofs
that already contains the problems and the ideas used in the sequel:

Proposition 1.1. Suppose that X & ¢*. The series B(q:n) () converges if and only if both

the series Y.< 0 and the series Y, -, gy converge. Under these assumptions the

G
radius of convergence of ¢(q.x) () is at least:

R(w)inf (1,7()) ,
where R(w) (resp. r(c)) is the radius of convergence of 3, < (q”,”—;)n (resp. 3,50 %)

Remark 1.2. If A € ¢%>°, the series P (g:n) () is defined and its radius of convergence is
equal to R(w). Estimates and lower bounds for R(w) and r(«) are discussed in the following
subsection.

The proof of the Proposition obviously follows from the lemma below, which is a
g-analogue of a special case of the Kummer transformation formula:

a = aexp(z (za)" 1
Z(l—a)(Q—a)--(n—a)i p()z nl a-n’

n>0 n>0

used in some estimates for p-adic Liouville numbers [DGS94, Ch.VI, Lemma 1.1].

Lemma 1.3 ([DV04, Lemma 20.1]). We have the following formal identity:

xn n

z nm+1) (—x)" 1
¢<q;qk>(f”)=2(1_%)...(1_%)=(1—A) > Zq(z)( )

= = (@0 ) \ 5 (G @)n1—q"A

Proof. We set z = (1 —q)t, [n]g =1+ q+---+¢" ' and [0, = 1, [n];, = [n]g[n — 1];. Then
we have to show the identity:

Sy (L—)t) = (1=X) [ > ;T" 3 g (—t?" 1

n>0 [ MI n>0 [n]q 1- an



Consider the g-difference operator o, : t — ¢t. One verifies directly that the series ®(t) :=
b (g:qn) ((1 — q)t) is solution of the g-difference operator:

£=o,—1] 0oy~ (g =Dt +1)] = A2~ (g — Vgt + 1+ N o, + (g — Dgt + 1

in fact:
£o(t) = [og—1]0 Aoy — (¢~ D)t +1)]8(0)
= Jog—1](A-1)=0.

Since the roots of the characteristic equatiorﬂ AT? — (A + 1)T + 1 = 0 of L are exactly
A1 ¢ ¢% and 1, any solution of Ly(t) = 0 of the form 143" ., a,t™ € C[[t]] must coincide
with ®(t). Therefore, to finish the proof of the lemma, it is enough to verify that

w(t) = (1-A) Z% Zq"“;*”(‘t]?” !

7>0 q 7>0 [TL q 1-— qn)\

is a solution of Ly(t) = 0 and that ¥(0) = 1.
Let eq(t) =3 .50 % Then ey (t) satisfies the ¢-difference equation
eq(qt) = ((g = Dt + 1) eq(t),
hence

Loey(t) = [og—1]oeq(qt) o [Aog—1]
= e(t)((¢g—1t+1) [((q —Dgt+1)o, — 1] ) [)\Uq - 1]

= (*)[((q—l)qt+l)oq—1] o [/\aq—l],

where we have denoted with (x) a coefficient in C(¢), not depending on oy.
n(n+1)

Consider the series E,(t) = 3., o,¢ 2 o, which satisfies

[n],°
(1= (g =1)t) Eq(qt) = Eq4(1),

and the series

AOED S (_t]?n 1

Then
Loe,Mgr(t) = (+)[((¢ = D)gt +1)og —1] o [Aog —1]ga(t)

= (0)[((g—1)gt+1)og — 1] Ey(—qt)
= (9)[((g— gt + 1) Ey(—¢*t) — Ey(—qt)]

= 0.

It is enough to observe that e,(0)gr(0) = X5 to conclude that the series W(t) = (1 —
A)eq(t)ga(t) coincides with ®(¢). O

2

i.e. the equation whose coefficients are the constant terms of the coefficients of the g-difference operator.
For a complete description of its construction and properties cf. g



Remark 1.4. Let (C,| |) be a field equipped with an ultrametric norm and let ¢ € C,
with |¢| = 1 and ¢ not a root of unity. Then the formal equivalence in Lemma is still
true. The series ) -, T is convergent for any ¢ € C such that lgl =1 (¢f. [ADV04]

§2]). On the other side the series ), - qf—:\ is not always convergent. If | =

)‘7_%‘ < 1 then

"

its radius of convergence coincides with the radius of convergence of the series >, -, 7%,
where a = 1982 (¢f [DV04, §19], [DGS94, Ch. VI]), otherwise it converges for |z| < 1.

log q

1.1 Some remarks on Proposition [1.1

Let us make some comments on the convergence of the series ano ﬁ and ano ﬁm
A first contribution to the study the convergence of the series >, -, (“’7 can be found in

¢Gd)n
[HWS8S|. The subject has been studied in detail in [Lub98].

dn
occurring in its continued fraction expansion. Then the Brjuno function B of w is defined

by
log qn,
B(w) _ Z O dn+1
>0 qn

Definition 1.5. (¢f. for instance [Mar00, §4.4]) Let {p—} N be the convergents of w,
n>0

and w is a Brjuno number if B(w) < co.
Now we are ready to recall the well-known theorem:

Theorem 1.6 (Yoccoz lower bound, ¢f. [Yoc95|, [CM00, Thm. 2.1], [Mar00, Thm. 5.1]).

)
n

If w is a Brjuno number then the series Y, <, ((fT) converges.
Moreover its radius of convergence is bounded from below by e B =C0  where Cy > 0
is an universal constant (i.e. independent of w).

Sketch of the proof. Suppose that w is a Brjuno number, then our statement is much easier
than the ones cited above and its actually an immediate consequence of the Davie’s lemma
(¢f. [Mar00, Lemma 5.6 (c)] or [CM00, Lemma B.4,3)]). O

We set ||z||z = infgez |z + k|. Then, as far as the series )
have:

z" .
n>0 Togmx 18 concerned, we

Lemma 1.7. The following assertions are equivalent:

n

1. The series ano lfm 15 convergent.
log [1 — Ag"|~*
2. limsup M < +o0.
n—oo n

3. liminf ||nw + oz||2/n > 0.

Proof. The equivalence between 1. and 2. is straightforward. Let us prove the equivalence
“l & 3” (using a really classical argument).

Notice that for any x € [0,1/4] we have f(z) := sin(mx) —x > 0, in fact f(0) = 0 and
f(z) = weos(mx) —1 > 0. Therefore we conclude that the following inequality holds for any
xze[0,1/2]:

sin(rx) > min (z,1/4) .
This implies that:

|g"A—1| = |exp (2im(nw + a)) — 1| = 2sin (7|jnw + al|z) € [min (2]nw + allz, 1/2) , 27 ||nw+al|z

and ends the proof. O



Remark 1.8. A basic notion in complex dynamics is that a number « is diophantine with
respect to another number, say w. If « is diophantine with respect to w then o and w have
the properties of the previous lemma. It is known that, for a given w € [0,1] \ Q, the
complex numbers exp(2ima) such that « is diophantine with respect to w form a subset of
the unit circle of full Lebesgue measure; ¢f. [BD99] §1.3].

1.2 A corollary

Let:

e ¢ = exp(2inw), with w € (0,1) N Q;

e m € Z+o and \; = exp(2ima;), for i = 1,...,m, with o; € (0,1] and \; & ¢”.

For further reference we state the corollary below which is an immediate consequence of
Proposition [T.T}
Corollary 1.9. Let A= (\1,...,\n). The series

n

x
1.9.1 bron (z) = € Cllz
(94 @@ =2 g G ©
converges if and only if both the series ), - % and the series ), <, #ﬁ/\_, for i =
1,...,m, converge. Under these assumptions the radius of convergence of ¢(gn)(x) is at

least:
m

R(w)™ - [ [ inf (1, 7(cs)) -

i=1

2 Analytic factorization of ¢-difference operators

Notation 2.1. Let (C,| |) be either the field of complex numbers with the usual norm or
an algebraically closed field with an ultrametric norm. We fix ¢ € C, such that |g| = 1 and
q is not a root of unity, and a set of elements ¢*/" € C such that (¢!/")* = ¢q. If C = C
then let w € (0,1] \ Q be such that g = exp(2inw).

We suppose that the series Y, 2" is convergent, which happens for instance if w is

) (6:0)n
a Brjuno number.

The contents of this section is largely inspired by [Sau04], where the author proves an
analytic classification result for ¢-difference equations with |¢| # 1: the major difference is
the small divisor problem that the assumption |g| = 1 introduces. Of course, once the small
divisor problem is solved, the techniques are the same. For this reason some proofs will be
only sketched.

2.1 The Newton polygon

We consider a g¢-difference operator

v

L= Zai(a:)afl € C{z}o,],

=0

i.e. an element of the skew ring C{x}[o,], where C{x} is the C-algebra of germs of analytic
function at zero and oy f(x) = f(gx)o,. The associated g-difference equations is

(211)  Ly(@) = a(@)y(e"s) + a1 @yl 2) + -+ ao(a)y(x) = 0.
We suppose that «a, (z) # 0, and we call v is the order of L (or of Ly = 0).



Definition 2.2. The Newton polygon NP(L) of the equation Ly = 0 (or of the operator
L) is the convex envelop in R? of the following set:

{(i,k) eZxR : i=0,...,v; a;(x) #0, k > orda;(x)} ,
where ordza;(z) > 0 denotes the order of zero of a;(z) at z = 0.

Notice that the polygon N P(L) has a finite number of finite slopes, which are all rational

and can be negative, and two infinite vertical sides. We will denote p1, . . ., g the finite slopes
of NP(L) (or, briefly of £), ordered so that pu; < pe < -+ < uy (i.e. from left to right),
and rq,...,7 the length of their respective projections on the z-axis. Notice that u;r; € Z

forany:=1,... k.

We can always assume, and we will actually assume, that the boundary of the Newton
polygon of £ and the z-axis intersect only in one point or in a segment, by clearing some
common powers of x in the coefficients of £. Once this convention fixed, the Newton
polygon is completely determined by the set {(u1,71), ..., (g, 7%)} € Q X Z~q, therefore we
will identify the two data.

Definition 2.3. A g-difference operator, whose Newton polygon has only one slope (equal
to p) is called pure (of slope ).

Remark 2.4. All the properties of Newton polygons of g¢-difference equations listed in
[Sau04] §1.1] are formal and therefore independent of the field C and of the norm of ¢: they
can be rewritten, with exactly the same proof, in our case. We recall, in particular, two
properties of the Newton polygon that we will use in the sequel (¢f. [Sau04, §1.1.5]):
e Let 6 be a solution, in some formal extension of C({z}) = Frac(C{x}), of the g-difference
equation y(¢r) = zy(z). The twisted conjugate operator z9*L0~* € C{z}[o,], where C
is a convenient non negative integer, is associated to the g-difference equatio
(2.4.1)

v(v+1)

av(z)g "2 2"y (¢ ) +ay—1(z)g

v(r—1)
2

2O Dy () + -+ aCag(a)y(z) =0,

and has Newton polygon {(u1 — g, 71), ..., (e — p, %) }-

e Ife, () is asolution of y(qx) = cy(z), with € C*. Then the twisted operator e, .(z) " Ley (z)
has the same Newton polygon as £, while all the zeros of the polynomial ) ;_, a;(0)T? are
multiplied by c.

2.2 Admissible g-difference operators

Suppose that 0 is a slope of NP(L). We call characteristic polynomial of the zero slope the
polynomial
ay (0)T” + a,_1 ()T + - 4 ag(0) = 0.

The characteristic polynomial of a slope u € Z is the characteristic polynomial of the zero
slope of the g-difference operator z¢0* L6~ (cf. Equation [2.4.1). In the general case, when
w € QN Z, we reduce to the previous assumption by performing a ramification. Namely, for
a convenient n € Zsg, we set t = /. With this variable change, the operator £ becomes
>a; (t")afll /m- Notice that the characteristic polynomial does not depend on the choice of
n.

Finally, we call the non zero roots of the characteristic polynomial of the slope p the
exponents of the slope p. The cardinality of the set Exp(L, ) of the exponents of the slope
u, counted with multiplicities, is equal to the length of the projection of x on the z-axis.

3Notice that there is no need of determine the function 8.



Definition 2.5. Let (A1,...,\;) be the exponents of the slope p of £ and let
_ Do Loyl VA
A={NA tdi=1,...,m5 N\ €750},

We say that a slope pu € Z of L is admissible if the series ¢(q;p)(2) (cf. Eq. is convergent
and that a slope p € Q is almost admissible if it becomes admissible in C{z/"}[o1/x], for
a convenient n € Zxg.

A g-difference operator is said to be admissible (resp. almost admissible) if all its slopes
are admissible (resp. almost admissible).

Remark 2.6. A rank 1 g-difference equation is admissible as soon as the series ) - 2

. (@:9)n
18 convergent.

2.3 Analytic factorization of admissible ¢-difference operators

The main result of this subsection is the analytic factorization of admissible g-difference
operators. The analogous result in the case |g| # 1 is well known (c¢f. [MZ00], [Sau04, §1.2],
or, for a more detailed exposition, [Sau02b, §1.2]). The germs of those works are already
in [BG41], where the authors establish a canonical form for solution of analytic g-difference
systems.

Theorem 2.7. Suppose that the q-difference operator L is admissible, with Newton polygon
{(p1,71), -, (g, 76) . Then for any permutation w of the set {1,...,k} there exists a
factorization of L:

Ezﬁw,l O£w720"'0£w,k7

such that L ; € C{z}[o,] is admissible and pure of slope fi5;y and order 7).

Remark 2.8.

e Given the permutation w, the g-difference operator L ; is uniquely determined, modulo
a factor in C{z}.

e Exactly the same statement holds for almost admissible g-difference operator (¢f. Theorem

below).

Theorem follows from the recursive application of the statement:

Proposition 2.9. Let yu € Z be an admissible slope of the Newton polygon of L and let
T be the length of its projection on the x-azis. Then the q-difference operator £ admits a
factorization L = Lo L, such that:

1. the operator L is in C{x}[o,] and NP(L) = NP(L) ~ {(u,7)};
2. the operator L, has the form:

Ly = (@"og = A)hp(2) o (2"0g = Ar1)hr a1 (z) 0 -+ 0 (a¥og — M) (),
where:

e A\i,...,\. € C are the exponents of the slope pu, ordered so that if i— € g% then
i <j;
e hi(x),...,hy(x) €1+ 2C{z}.

Moreover if L is admissible (resp. almost admissible), the operator L is also admissible
(resp. almost admissible).

Proposition [2.9] itself follows from an iterated application of the lemma below:



Lemma 2.10. Let (p,r) € NP(L) = {(p1,71), .-, (b, 7))} be an integral slope of L with
exponents (A1, ..., \.). Fiz an exponent A of p such that:
1. ¢"\ is not an exponent of the same slope for any n > 0;

2. the series (AL A (@) is convergent.
(:(3 %))

geuay

Then there exists a unique h(z) € 1+ xC{z} such that L = L o (xtoy — A)h(x), for some
Le C{z}[o,]. Moreover let v =1,...,k such that p, = p:

L4 /Lf r,= 1 then NP(E) = {(,uly/rl)y ey (belu rbfl)a (/’LL+17TL+1)7 ceey (,U/k;,’f'k)},'

o ifr, > 1 then NP(E) ={(u1,71), -y (e —=1), .oy (ks 1)} and Exp(lj7 ) = Exp(L, )~
{A}-

Proof. Tt is enough to prove the lemma for p = 0 and A = 1 (¢f. Remark . Write
y(z) = Y, 5o ynx™, with yo = 1, and a;(z) = Y,y ainz”. Then we obtain by direct
computation that Ly(x) = 0 if and only if for any n > 1 we have:

n—1
Folq")yn ==Y Fuot(d)ur,
=0

where Fi(T) = >0 _ja;;T". Remark that assumption 1 is equivalent to the property:
Fo(q™) # 0 for any n € Zso.

The convergence of the coefficients a;(x) of £ implies the existence of two constants
A, B > 0 such that |F,,_;(¢")| < AB"~!, for any n > 0 and any [ =0,...,n — 1. We set

sn = Fo(1)Fo(q) ... Fo(q")yn -

Then ol iy
[snl < |3 siFo(g"™) -+ Folg" ") Faal)| < A™B" 3 (Asg)“
i 1=0
and therefore: ne1
Ita] < ; [t:|, with ¢, = (Asé)l :

If [t;] < CD! forany I =0,...,n—1, with D > 1, then [t,| < CZ}:Ol D! <CD"(D-1)"t <
CD™. Therefore |t,| < CD™ for any n > 1, and hence |s,| < C(ABD)™. Hypothesis 2
assures that the series 27@1 m is convergent and therefore that y(z) is convergent.

We conclude setting h(z) = y(x)~t.

For the assertion on the Newton polygon c¢f. [Sau04]. O
For further reference we point out that we have actually proved the following corollaries:

Corollary 2.11. Under the hypothesis of Lemma[2.10, suppose that L has a right factor of

the form (o} — X) o h(z), with p € Q, A € C* and h(x) € C[[z]]. Then h(z) is convergent.

Remark 2.12. Corollary above generalizes [Béz92, Thm. 6.1], where the author proves
that a formal solution of an analytic g-difference operator satisfying some diophantine as-
sumptions is always convergent.

Corollary 2.13. Any almost admissible q-difference operator L admits an analytic factor-
ization in C{z'/"}[o,], with o /™ = ¢*/"x'/™, for a convenient n € Z.

The irreducible factors of L in C{z'/"}o,] are of the form (z*/ "o, — N)h(z'/™), with
pw€Z, \€C* and h(z'/™) € 1 + 2/"C{x!/"}.

The following example shows the importance of considering admissible operators.

10



Example 2.14. The series ®(z) = ®(4,qx)((1 — ¢)x), studied in Proposition is solution
of the g-difference operator £ = (o4 — 1) o [Aoy — ((¢ — 1)z + 1)]. This operator is already
factored.

Suppose that A & ¢Z<0. If the series ®(x) is convergent, i.e. if £ is admissible, the
operator (o, —1)o®(x)~! is a right factor of £, as we could have deduced from Lemma
We conclude that if ®(x) is not convergent the operator £ cannot be factored “starting with
the exponents 17.

2.4 A digression on formal factorization of ¢-difference operators

If we drop the diophantine assumption of admissibility and consider an operator £ €
Cl[z]][o4), the notions of Newton polygon and exponent still make sense. The following
result is well known (c¢f. [SV03], [Sau04]) and can be proved reasoning as in the previous
section:

Theorem 2.15. Suppose that the g-difference operator L € Cl[z]][oq] has Newton polygon
{(t1,71), .-+, (ur, 7)) }, with integral slopes. Then for any permutation w of the set {1,...,k}
there exists a factorization of L:

‘C:‘Cw,lo‘cw,Qo"'OEw,k>

such that Lo ; € Cllzl]l[og] is pure of slope piy and order rouy. Any Lo admits a
factorization of the form

Lo = (zH=D o, — Arw(i))hrw(i) () o (xt=Way — Ap_1)hp_1(z) 0+ 0 (2H=W oy — A )hi(2),
where:

o Exp(L, (i) = (A1, Ar,)) are the exponents of the slope [ (), ordered so that if
;—]‘ € ¢%>0 theni < j;
o hi(x),...,hr_ ., (x) €14 2C[[z]].

» M i)

3 Analytic classification of g-difference modules

Let K = C({z}) be the field of germs of meromorphic function at 0, i.e. the field of fractions
of C{z}. In the following we will denote by K= C((x)) the field of Laurent series, and by
K, = K(z'/") (resp. K, = K(2/")) the finite extension of K (resp. K) or degree n, with
its natural ¢'/"-difference structure. We remind that we are assuming all over the paper
that the series Y, <, is convergent.

(qg;cq)n
3.1 Generalities on ¢-difference modules

We recall some generalities on ¢-difference modules (for a more detailed exposition cf. for
instance [DV02] Part 1], [Sau04] or [DVRSZ03]).

Let F be a g-difference field over C, i.e. a field F//C of functions with an action of oy.

Definition 3.1. A g-difference modules M = (M, %) over F' (of rank v) is a finite F-vector
space M, of dimension v, equipped with a o4-linear bijective endomorphism ¥, i.e. with a
C-linear isomorphism such that ¥,(fm) = o4(f)3¢(m), for any f € F and any m € M.

A morphism of q-difference modules ¢ : (M, Zé”) — (N, Zf}V) is a C-linear morphism

M — N, commuting to the action of 23/1 and 2N

: N _ M
g e Xy op=poX .

11



If G is a g-difference field extending F' (i.e. G/F and the action of o, on G extends the
one on F'), the module Mg = (M ®p G, %X, ® 0,) is naturally a g-difference module over G.

If F,, n € Z1, is a ¢'/"-difference field containing F and such that Ogi/mip = g (for
instance, think of K and K,), to any g¢-difference modules M = (M,X,) over F' we can
associate the ¢'/"-difference module Mp, = (M ®F F,, 5y ® 041/m) over F,.

For other algebraic constructions (tensor product, internal Hom,...) we refer to [DV02]
or [Sau04].

Remark 3.2 (The cyclic vector lemma).

The cyclic vector lemma says that a g-difference module M over F, of rank v, contains a
cyclic element m € M, i.e. an element such that m,¥X,m,..., szlm is an F-basis of M.
This is equivalent to say that there exists a g-difference operator £ € F|o,] of order v such
that we have an isomorphism of ¢-difference modules

a

Flog,0q e

Flog,,o
M=~ 74

We will call £ a g-difference operator associated to M, and M the g¢-difference module
associated to L.

Example 3.3. (Rank 1 g-difference modulesﬂ)
Let p € Z, A € C* and h(x) € K (resp. h(z) € K). Let us consider the rank 1 g-difference

o~

module M,, x = (M), x,X,) over K (resp. K) associated to the operator (zFo,— X)oh(x) =

h(gz)ztoq—h(xz)A. This means that there exists a basis f of M), x such that 3, f = :((q?) 2 f.

If one consider the basis e = h(z)f, then L,e = 2-e.

A straightforward calculation shows that M, y is isomorphic, as a g-difference module,
to M, if and only if u = p and % € ¢%. Moreover, we have proved in the previous
section that a g-difference operator o, — a(x), with a(z) € K can be always be written in

the form o, — 3¢ ,f‘((;;)), for some h(z) € K. We also know that, if ¢ is such that Ym0 e

converges and if a(x) € K, then h(z) is a convergent series.

The remark and the example above, together with the results of the previous section,
imply that we can attach to a ¢-difference modules a Newton polygon by choosing a cyclic
vector and that the Newton polygon of a g-difference modules is well-defined (cf. [Sau04]).
Moreover the classes modulo g% of the exponents of each slope are independent of the choice
of the cyclic vector (¢f. [SV03, Thm. 3.12 and 3.14] and [Sau04]). Both the Newton polygon
and the classes modulo ¢% of the exponents are an invariant of the formal isomorphism class.

3.2 Main result

Let us call B, (resp. l’;’q) the category of ¢-difference module over K (resp. IA() We will use
the adjective analytic (resp. formal) to refer to objects, morphisms, isomorphism classes,
etc etc of B, (resp. B,).

We are concerned with the problem of finding the largest full subcategory Bf]s" of B,
defined by the following property:

An object M of By belongs to BL*® if any object N in By such that Ng is iso-
morphic to Mg in l§q is already isomorphic to M in By.

4For more details on the rank one case cf. [SV03l Prop. 3.6], where the Picard group of g-difference
modules modules over O(C*), satisfying a convenient diophantine assumption, is studied.
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This means that restriction of the functor

—®KIA{: B, — Eq

(3.3.1) Mo My

to BZSO is an equivalence of category between B”O and its image. We will come back in ‘to
the characterization of B“’" QK K inside B A counterexample of the fact that the functor

— @k K is not an equivalence of category in general is considered in
The category B is link to the notion of admissibility introduced in the previous section:

Definition 3.4. We say that a g¢-difference module M over K is admissible (resp. almost
admissible; resp. pure (of slope p)) if there exists an operator £ € C{xz}[o,| such that
M =2 K][o,]/(£) and that £ is admissible (resp. almost admissible; resp. pure (of slope p)).

Remark 3.5. The considerations in the previous section imply that the notion of (almost)
admissible g-difference module is well defined and invariant up to isomorphism.

Our main result is:

Theorem 3.6. The category Béso is the full subcategory of B, whose objects are almost
admissible q-difference modules.

We introduce some notation that will be useful in the proof of Theorem We will
denote ¢-Dif fi (resp. ¢-Dif fi*) the category of admissible (resp. almost admissible)
g-difference modules over K, whose objects are the admissible (resp. almost admissible) g-
difference modules over K and whose morphisms are the morphisms of ¢-difference modules
over K.

Remark 3.7. We know that B, and gq are abelian categories. Therefore, ker and coker of
morphisms in ¢-Dif f& (vesp. ¢-Dif fi*) are g-difference modules over K. To prove that
they are objects of ¢-Dif fik (resp. ¢-Dif f%*) we have only to point out that the operator
associated to a sub-g-difference module (resp. a quotient module) is a right (resp. left)
factor of a convenient operator associated to the module itself, in fact the slopes and the
classes modulo ¢% of the exponents associated to each slope are invariants of ¢-difference
modules.

The proof of Theorem consists in proving that Bflso =q¢-Dif f&* and is articulated in
the following steps: first of all we will make a list of simple and indecomposable objects of
g-Dif fi*; then we prove a structure theorem for almost admissible g-difference modules.
We deduce that the formal isomorphism class of an object of B, correspond to more than
one analytic isomorphism class if and only if the slopes of the Newton polygon are not
admissible: this means that Bff" and ¢-Dif f&* coincide.

3.3 A crucial example

Consider the g¢-difference operator (¢f. Example [2.14)
L=(0g—1)0[Aog = ((g— Dz +1)]

—1
%, ) If A € ¢” the module is
admissible and there is nothing more to prove. So let us suppose that A ¢ q~.
In Bq, the g-difference module M= Mg is isomorphic to the rank 2 module K2 equipped
with the semi-linear operator:

and its associated g-difference module M = (M =

K2 — K2
(R0) — (0 0) (i)

13
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In fact, £ has a right factor Ao, —((g—1)x+1): this corresponds to the existence of an element

f € M such that Xf = A" ((¢ = D)z +1) f. Since eg(z) = 3,5 % is solution of

the equation y(qz) = ((¢ — 1)z + 1) y(x), we deduce that f = eq(z) f verifies qu: AT
On the other hand, we have seen that there always exists ® € Cl[z]] such that (o — 1) ® is
a right factor of £: this means that there exists e € M such that ¥,e = ®(z)®(qz) e and
therefore that there exists € € Mg such that ¥, e = €. A priori this last base change is only
formal: the series ® converges if and only if the module is admissible; ¢f. Example [2.14]
The calculations above say more: the formal isomorphism class of M corresponds to a
single analytic isomorphism class if and only if M is admissible, which happens if and only

. . xn w’IL
if the series 37, -, o and D on>0,qn£) s Converge.

3.4 Simple and indecomposable objects

In differential and difference equation theory, simple objects are called irreducible. They
are those objects M = (M,X,) over K such that any m € M is a cyclic vector: this is
equivalent to the property of not having a proper g-difference sub-module, or to the fact
that any g¢-difference operator associated to M cannot be factorized in Ko,].

Corollary 3.8. The only irreducible objects in the category q-Dif fi are the rank one mod-
ules described in Ezample (3.3

Proof. Tt is a consequence of Proposition [2.9 O

Before describing the irreducible object of the category g¢-Dif fiz*, we need to intro-
duce a functor of restriction of scalars going from ¢-Dif fi. to ¢-Dif fg*. In fact, the set
{1,/ ... a""1/"} is a basis of K, /K such that aqxi/” = ¢"/"zi/™  Therefore K,, can
be identified to the admissible g-difference module My 1 © My j1/n © -+ © Mg gn—1/» (in the
notation of Example .

In the same way, we can associate to any (almost) admissible ¢'/"-difference module M
of rank v over K,, an almost admissible difference module Res, (M) of rank nv over K
by restriction of scalars. The functor Res, “stretches” the Newton polygon horizontally,
meaning that if the Newton polygon of M over K, is {(t1,71),..., (4k, )}, then the
Newton polygon of Res, (M) over K is {(p1/n,nr1), ..., (1x/n,nry)}

1/n

Example 3.9. Consider the ¢'/2-module over K, associated to the equation z'/?y(qz) =
Ay(x), for some A € C*. This means that we consider a rank 1 module Kye over Ks, such
that Y,e = Il%e. Notice that its Newton polygon over K5 has only one single slope equal
to 1. Since Kye = Ke + Kz'/2¢, the module Kse is a g-difference module of rank 2 over K,
whose g¢-difference structure is defined by:

1/2)\
1/2 0\ _ 1/2 0 q
Y(e,x%e) = (e,x*/%e) <)\/$ 0 > .

Consider the vector m = e + z/%e. We have: $,(m) = ¢'/?Xe + 2(z'/2¢) and ¥2(m) =

/
ql;%e + ﬁ(xl/ze). Since m and X,(m) are linearly independent, m is a cyclic vector
for Kse over K. Moreover, for

P(x) = =\ (¢*?z - 1)
Q) = Mg — 1)z
R(z) = —¢"?2(¢"/?z — 1)

we have P(x)m 4+ Q(x)Xq(m) = R(z)X2(m). In other words, the Newton polygon of the
rank 2 g-difference module Kae over K has only one slope equal to 1/2.

14



Let n € Z~o, p be an integer prime to n and M, , be the rank one module over
K,, associated to the equation 2#/"y(¢gz) = Ay(zx). In [SV03, Lemma 3.9], Soibelman and
Vologodsky show that NV, /,, x = Res, (M, zn) is a simple object over O(C*). We show that
all the simple objects of the category ¢-Dif f&* are of this form (for the case |q| # 1, cf.
[vdPROG]). Remark that M, x = M, 11 =N, as ¢g-difference modules over K.

Let us start by proving the lemma:

Lemma 3.10. Let M be a q-difference module associated to a q-difference operator L €

C{z}[o,]. Suppose that the operator L has a right factor in C{xz'/"}[o,] of the form

(" "a, — N) o h(xM/™), withn € Zuy, p € Z, (n,p) = 1, A € C* and h(x) € C{z/"}.
Then M has a submodule isomorphic to N, ,, x.

Proof. First of all remark that any operator £ € C{z}[o,] divisible by (2//"a,—\)oh(z'/™)
has order > n.

Let £,,/,,» € C{z}[04] be a g-difference operator (of order n) associated to N,/ 1. Since
the ring C{x}[o,] is euclidean the exist @, R € C{x}[o,], such that

L=QoL,m)+TR,

with R = 0 or R of order strictly smaller than n and divisible on the right by (x“/"aq —
A) o h(z!/™). Of course, if R # 0, we obtain a contradiction. Therefore £/, » divides £
and the lemma follows. O

Remark 3.11. The same statement holds for formal operator £ € C[[z]][oy], having a
formal right factor (z#/"o, — \) o h(x'/™), with h(zx) € C[[z'/"]].

Finally we have a complete description of the isomorphism classes of almost admissible
irreducible g-difference modules over K:

Proposition 3.12. A system of representatives of the isomorphism classes of the irreducible
objects of ¢-Dif f&* (resp. By) is given by the reunion of the following sets:

- rank 1 g-difference modules M, x, with pn € Z and c € C*/q”, i.e. the irreducible objects
of g-Dif f up to isomorphism (cf. Example ;

- the q-difference modules N,/ x = Resn(Myan), where n € Zwg, p € Z, (n,p) =1, and
e Cr /(g™

Proof. The corollary is well known for l§q. Let us prove the statement for the category
¢-Dif fie.

Rank 1 irreducible objects of g-Dif fi are necessarily admissible, therefore they are of
the form M, », for some 1 € Z and some \ € C*/q*. Consider an irreducible object M
in ¢-Dif fig* of higher rank. Because of the previous lemma and of Corollary it must
contain an object of the form NN, » , for convenient p, A, n. The irreducibility implies that

M2 Ny 0

Remark 3.13. Consider the rank 1 modules NV, , over K,, and Ny, xrn over K,,, for
some p,r,n € Z, r >1,n >0, (u,n) =1, and A € C*. Then Res, (N, x,) is a rank n ¢-
difference module over K, while Res,,(Ny, x,rn) has rank rn, although N, x » and Ny x mn
are associated to the same rank one operator.

Writing explicitly the basis of K., over K,, and over K, one can show that Res,., (NT,L’A,M)
is a direct sum of r copies of Resy(Nyan)-
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3.5 Structure theorem for almost admissible ¢-difference mdoules

Now we are ready to state a structure theorem for almost admissible g-difference modules:

Theorem 3.14. Suppose that the g-difference module M = (M,%;) over K is almost
admissible, with Newton polygon {(u1,71),-.., (e, 7x)}. Then

]\4:]\41@]\42@...@_]\4]€7

where the q-difference modules M; = (M;, Eq‘Mi) are defined over K, almost admissible and
pure of slope p; and rank r;.

FEach M; is a direct sum of almost admissible indecomposable q-difference modules, i.e.
iterated non trivial extension of a simple almost admissible q-difference module by itself.

Remark 3.15. More precisely, consider the rank v unipotent g-difference module U, =
(U,,%,), defined by the property of having a basis e such that the action of ¥, on e is
described by a matrix composed by a single Jordan block with eigenvalue 1. Then the
indecomposable modules A in the previous theorem are isomorphic to N’ ®k U,,, for some
irreducible module N of ¢-Dif f&* and some v.

The theorem above is equivalent to a stronger version of Theorem [2.7] for almost admis-
sible ¢-difference operators:

Theorem 3.16. Suppose that the q-difference operator L is almost admissible, with Newton
polygon {(u1,71),..., (uk,7x)}. Then for any permutation w on the set {1,...,k} there
exists a factorization of L:

Ezﬁw,loﬁwjo"'o‘cw,kv

such that Lo ; € C{x}o,] is almost admissible and pure of slope pi(;) and order r ;.
Moreover, for any i =1,...,k, write u; = d;/s;, with d;,s; € Z, s; > 0 and (d;, s;) = 1.
We have:

Loi= Edw(i)«\f(i)aswm °e Edw(i)a/\’f“)vswm ’
where: .
) )\zlﬂ(i), ey /\f(i) are exponents of the slope iy, ordered so that A?(i) (/\?(i)> € g0
then j < j';

e the operator L, ( is associated to the module Nd

(i)
A s

(i) .
J ()N 8w (i)

Proof. Suppose that the operator has at least one non integral slope. A priori the operators
L ; are defined over C{z'/"}, for some n > 1. But it follows from Lemma that they
are product of operators associated to g¢-difference modules defined over K, of the form
Ny, for same p,n € Z, n > 0, and A € C*. O

3.6 Analytic vs formal classification

The formal classification of g-difference modules with |¢| = 1 is studied in [SV03], by different
techniques. It can also be deduced by the results of the previous section, dropping the
diophantine assumptions, and establishing a formal factorization theorem for g-difference
operators:

Theorem 3.17. Consider a q-difference module M = (M, %) over f<7 with Newton polygon
{(pi,r1), .- (s i)} Then

M=M&M & &M,
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where the q-difference modules M; = (M;, quMi) are defined over K and are pure of slope
Wi and rank r;.

FEach M; is a direct sum of almost admissible indecomposable q-difference modules, i.e.
iterated non trivial extension of a simple almost admissible q-difference module by itself.

Remark 3.18. Irreducible objects are g-difference modules over K obtained by rank one
modules associated to g-difference equations of the form z#y(qx) = A\y(z), with p € Q and
A € C*, by restriction of scalars.

Hence the first part of Theorem can be proved:

Proposition 3.19. Let M = (M,X}) and N = (N,ZY) be two almost admissible q-
difference modules over K. Then M is isomorphic to N over K if and only if Mg is

isomorphic to N over K.

Proof. Tt follows from the analytic (resp. formal) factorizations of ¢-difference modules over
K (resp. K) that:

M2=2N & Mg, = NKn and ./\/lf( = Nf{ = ./\/lf{n =~ NIA(W, ,

for an integer n > 1 such that the the slopes of the two modules become integral over K,,.
So we can suppose that the two modules are actually admissible. R

If M and N are isomorphic over K than they are necessarily isomorphic over K. On the
other side suppose that Mg = Ng. Then the results follows from the fact that any formal
factorization must actually be analytic (c¢f. Corollary . O

For further reference we point out that we have proved the following statement:

Corollary 3.20. Let M = (M,X,) be a pure g-difference module over K (resp. a pure
almost admissible q-difference module over K), of slope p and rank v. Then for any n € Z>q
such that nu € Z, there exists a C-vector space V' contained in Mﬁn (resp. Mk, ), of
dimension v, such that 2#X,(V) C V.

3.7 End of the proof of Theorem

Theorem states that B*° =q-Dif fi*. Proposition implies that ¢-Dif f&* is a
subcategory of B;**. To conclude it is enough to prove the following lemma:

Lemma 3.21. Let M € B,. We suppose that any N' € B, such that Mg = Ng in Eq 18
already isomorphic to M in B,. Then M is almost admissible.

Proof. With no loss of generality, can suppose that the slope of the Newton polygon of M
are integral. We know that the lemma is true for rank one modules. In the general case we
prove the lemma by steps:

Step 1. Pure rank 2 modules of slope zero. Let us suppose that M is pure with Newton
polygon {(0,2)}. Then there exists a basis e of Mg such that ¥,e = eA, with
A € Gly(C) in the Jordan normal form. The assumptions of the lemma actually say
that the basis e can chosen to be a basis of M over K. If M has only one exponent
modulo ¢%, then M is admissible. So let us suppose that M has at least two different
exponents modulo ¢: «,3 € C. An elementary manipulation on the exponents (cf.
Remark allows to assume that § = 1. This means that A is a diagonal matrix of
eigenvalues 1, . We are in the case of §3.3] so we already know that there exists only
one isoformal analytic isomorphism class if and only if the module is admissible.
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Step 2. Proof of the lemma in the case of a pure module of slope zero. Let us suppose that
M is pure with Newton polygon {(0,7)}. Then there exists a basis e of M over K
such that ¥,e = eA, with A € GI,.(C) in the Jordan normal form. If M has only one
exponent modulo ¢Z, then M is admissible. So let us suppose that M has at least two
different exponents modulo ¢%. For any couple of exponents a, 3, distinct modulo ¢,
the module M has a rank two submodule isomorphic to the module consider in step
1. This implies that ¢, o3-1 is convergent and hence that M is admissible.

Step 3. General case. Let {(r;, ;) :i=1,...,k} be the Newton polygon of M. The formal
module Mg admits a basis ¢ such that the matrix of 3, with respect to e is a block
diagonal matrix of the form (¢f. Corollary [3.20)):

. Al Ak
Me=ed Ce
a€ ¢ diag (xul Tk
where Aq,..., A, are constant square matrices that we can suppose to be in Jordan

normal form. The assumption actually says that M is isomorphic in B, to the ¢-
difference module N over K generated by the basis e. Since the slopes and the classes
modulo ¢Z of the exponents are both analytic and formal invariants, it is enough to
prove the statement for pure modules. If M is pure, the statement is deduced by step
2, by elementary manipulation of the slopes (¢f. Remark [2.4)).

This ends the proof of the lemma and therefore the proof of Theorem O

4 Structure of the category Bés". Comparison with the
results in [BG96] and [SV03]

The formal results above give another proof of the following:

Theorem 4.1 ([SV03] Thm. 3.12 and Thm. 3.14]). The subcategory B\g of gq of pure
q-difference modules of slope zero is equivalent to the category of C*/q*-graded finite dimen-
sional C-vector spaces equipped with a nilpotent operator that preserves the grading.

The category By is equivalent to the category of Q-graded objects of Bg,

Let Bfls"’f be the full subcategory of Bfls" of pure g¢-difference modules of slope zero. We
have an analytic version of the result above:

Theorem 4.2. The category B}f" is equivalent to the category of Q-graded objects of Bgso’f

i.e. each object of Bffo is a direct sum indezed on Q of objects of Bflso’f and the morphisms
of q-difference modules respect the grading.

Proof. For any p € Q, the component of degree p of an object of Bfls" is its maximal pure
submodule of slope p. The theorem follows from the remark that there are no non trivial
morphisms between two pure modules of different slope. O

As far the structure of the category Bff"’f is concerned we have an analytic analog of
[SV03l Thm.3.14] and [BG96, Thm. 1.6']:

Theorem 4.3. The category szs"’f is equivalent to the category of finite dimensional C* /q”-
graded complex vector spaces V' endowed with nilpotent operators which preserves the grading,
that moreover have the following property:

(D) Let M1, ..., A\n € C* be a set of representatives of the classes of C*/q” corre-
sponding to non zero homogeneous components of V.. The series ® (4.2 (x), where

A= {)\i)\j_l D g=1,...,7; )\i)\j_l Z q%<0}, is convergent.

18



Proof. We have seen that a module M = (M,X%,) in BZSO’f contains a C-vector space V,
invariant under 3, such that M = V ® K. Hence there exists a basis e, such that ¥,e = eB,
with B € Gl,(C) in the Jordan normal form. This means that B = D + N, where D is a
diagonal constant matrix and IV a nilpotent one. The operator ¥, — D is nilpotent on V.
Since any eigenvalue A of D is uniquely determined modulo ¢%, we obtain the C*/¢%-
grading, by considering the kernel of the operators (X, — \)", for n € Z large enough. [
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