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Abstract

We show that if a Laurent series f € C((¢)) satisfies a particular kind of linear iterative equation, then f
is either a rational function or it is differentially transcendental over C(t). This condition is more precisely
stated as follows: We consider R,b € C(t) with R(0) = 0, such that f(R(t)) = f(t) +b(t). If either R'(0) =0
or R'(0) is a root of unity, then either f is a rational function, or f does not satisfy a polynomial differential
equation. More generally a solution of a functional equation of the form f(R(t)) = a(t)f(t) + b(t) will be
either differentially trascendental or the solution of an inhomogeneous linear differential equation of order 1
with rational coefficients.

We illustrate how to apply these results to deduce the differential transcendence of combinatorial gen-
erating functions by considering three examples: the ordinary generating function for a family of complete
trees; the Green function for excursions on the Sierpinski graph; and a series related to the enumeration of
permutations avoiding the consecutive pattern 1423.

The proof strategy is inspired by the Galois theory of functional equations and relies on the property of
the dynamics of R.
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1 Introduction

In the study of discrete structures, enumerative data can be encoded in the coefficients of a formal power series,
its generating function. It can be both theoretically, and practically useful to know which functional equations
such a generating function satisfies and which ones it doesn’t. This is true in particular with reference to the
differential properties of the generating function. Recall that a series is differentially transcendental over the
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field C(t) of rational functions with complex coefficients, if for any integer n > 0, and for any polynomial P in
n + 1 variables with coefficients in C(t), we have P(f, f’,..., f() # 0, where f(") is the n-fold derivative of f
with respect to t, i.e. if it satisfies no algebraic differential equation with coefficients in C(¢).

In this work we establish the differential transcendence of series arising from the study of three different
types of combinatorial objects: families of trees under a constraint on the leaves; walks on fractal-like graphs
that start and end at the same point; and a family of consecutive-pattern avoiding permutations. These three
examples all have something in common: series that satisfy an order 1 iterative functional equation of the form
F(R(t)) = a(t)f(t) + b(t) with a,b and R rational functions. These equations are ultimately the object studied
in this paper.

We have made the choice to present the applications first, which allows us to state our main theorems
through the lens of enumerative combinatorics: Indeed the statements are straightforward to apply and unify a
number of existing results. We will say more on the Galoisian techniques involved in their proof afterward, in
§1.2.

1.1 Differential transcendence in combinatorics

A key application of our work is in the taxonomy of discrete structures. A combinatorial class is a set of
discrete objects, each with a size, subject to the condition that the number of objects of a given size is finite.
Given a class, enumerative data can be encoded in a formal power series in ¢ such that the coefficient of t™
is the number of objects of size n. This is the (ordinary) generating function (OGF) associated to the class.
Classifying generating functions by the kind of equations they satisfy offers a meaningful organization of the
structures themselves.

Stanley’s call [Sta80] to determine, and ideally characterize, those combinatorial classes whose generating
functions satisfy linear differential equations with polynomial coefficients (that is, the generating function is
D-finite) spawned enormous activity in a variety of subdomains, notably pattern avoiding permutations (such
as the Noonan-Zielberger conjecture [NZ96]) and lattice paths confined to the first quadrant (the Bousquet—
Mélou-Mishna conjecture [BMM10]). Group theory gives another example: The co-growth series of a group is
the generating function of excursions on its Cayley graph. It is directly related to the word problem associated to
the group. The nature of the co-growth series (rational, algebraic, D-finite) reveals properties about the group,
such as amenability [BM20]. A generating function analysis is a key pillar of a recent strategy [PG19, ERW12] to
determine the amenability of Thompson’s Group F, for example. It remains open to find a nice characterization
of the set of combinatorial classes with a D-finite generating function, although such an understanding may
happen in parallel with the resolution of a well-known, longstanding conjecture of Christol characterizing certain
D-finite functions in terms of diagonals of multivariable rational functions [Chr90].

There are a variety of techniques to decide the question of D-finiteness of a given series or function. For
instance, one can conclude that a function is not D-finite if the coefficient asymptotics of its Taylor expansion is
not of a certain form [FGS04, FGS10, BMC15] or if the function has an infinite number of singularities [BMP03,
MR09, BCG17]. As we give a criterion for differential transcendence of series, we determine a new means to
conclude that a function is not D-finite.

We use standard notation such as: C for the field of complex numbers, C(¢) for the rational functions with
complex coefficients and C((¢)) for the field of (formal) Laurent series with coefficients in C. Throughout we
identify C(t) with a sub-field of C((t)), by identifying rational functions with their Taylor expansion. We fix
R(t) € tC][[t]] a nonzero power series, and we define the following field endomorphism of C((t)):

Oriy fat" = fR(E) =) fuR(D)".

This is well defined since R has no constant term. We make the following assumptions on R, which we will
comment upon later:

(®) R(t) € C(t), R(0) =0, R'(0) € {0,1,roots of unity},
but no iteration of R(t) is equal to the identity.

Our first main theorem is:

Theorem A. Let R(t) satisfy assumption (R). We suppose that there exist a,b € C(t), and f € C((t)) such
that f(R(t)) = a(t)f(t)+b(t). Then either f is differentially transcendental over C(t) or there exists o, 3 € C(t)
such that f' = af + 3.

For particular choices of a and b we obtain stronger results, namely:

Theorem B. Let R(t) satisfy assumption (R). We suppose that there exists b € C(t) and f € C((t)) such that
f(R(t)) = f(t) +b(t). Then either f € C(t), or f is differentially transcendental over C(t).

and:



Theorem C. Let R(t) satisfy assumption (R). We suppose that there exist f € C((t)) and a € C(t), such
that f(R(t)) = a(t)f(t). Then either f is algebraic over C(t) and there exists a positive integer N such that
N e C(t), or f is differentially transcendental over C(t).

The weaker conclusion of the last theorem may be surprising, but we cannot hope for a stronger conclusion.
Indeed, if R(t) = a+ (t —a)S(t)?, with a € C and S(t) € C(t) chosen so that (R) is satisfied, then y = (t —a)'/?
is a solution of ®x(y) = S(t)y, with coherent choice of square roots for (t —a) and S(¢)?. Moreover we notice
that the statement of Theorem C is compatible with the statement of Theorem A, indeed if f~ € C(t) then

f7' € C(t).

Complete trees. Rooted plane trees are fundamental objects in combinatorics and computer science. We
can prove the differential transcendency of the generating function for certain classes of trees where the leaves
are all at the same distance from the root; examples of such trees are in Fig. 1. Rooted trees are directed from
a single top vertex, or 7oot, down, and its children are ordered left to right. As we only consider finite trees,
every path from the root ends at a vertex without descendants, which we call a leaf.! Here, the size of a tree is
equal to the number of leaves that it has.
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Figure 1: All complete {2, 3}-trees up to size 6

Fix 8, a set of positive integers each greater than 1. The combinatorial class T of (unlabelled) S-trees is the
set of rooted trees with the property that any vertex in the tree is either a leaf (with no descendants) or has k
children with k£ from the set 8. Were 8 to contain 1, the class would contain an infinite number of objects of
size 1 counter to the definition of combinatorial class.

For example, every internal vertex in a {2,3}-tree has either 2 or 3 children. 8-Trees defined in this way
are extremely well studied from an enumerative perspective (see [FS09, I.V.1] and references therein) in part
because the generating functions satisfy a polynomial equation coming directly from a combinatorial recurrence:
Let S(t) be the polynomial generating function for 8: S(t) = >, s t* and T(t) = Y07 ( t,t", where t,, is the
number of S8-trees with n leaves. Then,

(1.2) T(t) =t + S(T(t)).

For example, the generating function for the set of all {2, 3}-trees enumerated by the number of leaves starts
T(t) =t+t>+ 3t3 + O(t?) and satisfies T(t) =t + T(t)? + T(t).

By adding a simple restriction, we find iterative equations. A rooted 8-tree is said to be complete if it has the
additional property that all leaves are at the same distance from the root. Given an S-tree class 7T, let T7¢ denote
the sub-class of complete trees in 7T, where again we have omitted the dependence on & in the notation, for
the sake of simplicity. Flajolet and Sedgewick [FS09, Section 1.6.2] detail a substitution operator that permits
a combinatorial description of the trees, and how to deduce a functional equation for the generating function
of T¢. The substitution operation is denoted here using square brackets and inside we indicate the substitution.
Combinatorial substitution is reflected in the generating function with functional substitution. The principle is
best seen with an example. The class T¢ of complete {2, 3}-trees satisfies the recursive specification:

e dh o

(1.3) T =6t T°

This combinatorial equation is read as every tree in J¢ is isomorphic to either a single vertex, or a smaller

o o

tree in T¢ where every leaf vertex is replaced with one of Jl or o/i\o Another way to view this is that the
substitution generates a set of trees (of height one more) from a given tree. If that tree has n leaves, then
the generating function for the set of trees (of height one more) that arise from all possible substitutions of
its leaves is (2 + t3)". As there t¢ trees with n leaves, the generating function of all trees can be written
> so b (82 4 %)™, Remark, the polynomial 2 +¢* has no constant term, so the composition T°(¢? + ¢3) makes
sense if we interpret it as T¢(t? 4 ¢3) := 2 n>0 t¢ (t2 4+ ¢3)". We conclude the generating function T¢(t) for the
counting sequence of complete {2, 3}-trees satisfies the functional equation

(1.4) Te(t) =t + TC(t* + %),

1The vocabulary is more intuitive if we view the tree upside down.



and has initial Taylor series expansion
TC(t) =t + 12+ 3 +¢* +26° + 205+ O(t").  (OEISA014535)
Equation (1.4) has an important consequence.

Theorem 1.1. The ordinary generating function for (unlabelled) complete rooted plane {2,3}-trees is differen-
tially transcendental.

We prove this result using Theorem B, or rather its useful corollary, applied to the generating series associated
with complete trees (see Corollary 3.1 below):

Corollary 1.2. Let R € t*C[t] \ {0} and b € tC[t], with b # 0 and deg, b < deg, R. If there exists f € C((t))
such that ®r(f) = f + b, then f is differentially transcendental over C(t).

Remark, for general complete 8-trees, the argument is the same: the generating function T°(t) = ) -, t5t"
of T¢ satisfies -
T(t) =t +T°(S(t)).

Theorem 1.3. Let § be a finite set of positive integers each greater than 1. Then the ordinary generating
function for (unlabelled) complete rooted plane 8-trees is differentially transcendental.

For example, for any m, the set of complete {[m/2],...,m}-trees is the well known class of B-trees of order
m [BM70]. By Theorem 1.3, the generating function for B-trees of order m is differentially transcendental.
Recall a S-tree class is only well defined if 8§ does not contain 1, so the restriction in Corollary 1.2 is quite
natural.

A more general result is also true since the ordinary generating function of any class of complete S-trees is
either differentially transcendental or rational by Theorem B. Under some weak constraints on 8, the asymptotic
analyses of Odlyzko [0OdI82] and de Bruijn [dB79] can be used to show the generating function is not rational.

Remark 1.4. Note the generating function T'(t) for all 8-trees and the generating function T¢(t) for complete
S-trees satisfy equations that bear a superficial similarity: T'(t) = t+S(T'(t)) vs. T°(t) = t+T1°(S(t)). However,
the first is algebraic and the second differentially transcendental! Are there other examples of classically algebraic
objects for which the addition of a simple condition changes the nature of the generating function in such a
striking manner?

Random walks on self-similar graphs. Our second family of discrete objects concerns walks on self-
similar graphs. We present the results for Sierpiniski graph, but similar conclusions are true for the entire class
of symmetric self-similar graphs, as described by Béhn and Teufl [KT04].

The Sierpiriski graph results from a fractal generating process starting with a single line, iteratively rewritten
and rescaled in particular way. More precisely, one starts with a unit line, Sy = __ and applies the following
replacement rule:

(1.5) IO Vi

in an iterated process. Figure 2 demonstrates the first few iterates. The Sierpiriski graph is the limit of this
process.
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Figure 2: Initial iterates defining the Sierpinski graph.

The Green function of a graph is a probability generating function which describes the n-step displacement
starting and returning to a certain origin vertex. The Green function of symmetric self-similar graphs satisfy
homogeneous iterative equations,

G(R(1)) = a(t)G(1)

with algebraic (often rational) R and rational a. Roughly, the substitution ¢ — R(t) has a combinatorial
interpretation reflecting the self-similarity of the graph [KT04]. As the graph is 4-regular, G(4t) is the generating
function for walks that begin and end at the origin on the Sierpinski graph. These walks are also known as
excursions on the graph. The series begins:

G(4t) = 1+ 417 + 4% + 32¢* + 76¢° + 348° + 111247 + O(¢*).
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Figure 3: A close up on the origin (labelled o) of the Sierpinski Graph. The (red) path in bold is one of
the 32 excursions of length 4.

Figure 3 illustrates an example excursion.
Grabner and Woess [GW97, Proposition 1] proved that the Green function G(t) for walks that return to
their origin on the Sierpinski graph satisfies the functional equation

2\ (241t)(4-3t)
(16) G(4—3t) = arne_p ¢

We apply Theorem C to G(t).

Theorem 1.5. The Green function G(t) of walks that start and end at the origin on the infinite Sierpiriski
graph is differentially transcendental over C(t).

In light of Equation (1.6), to prove Theorem 1.5, it suffices to show that G(¢) is not algebraic. Grabner and
Woess in loc.cit. show that the coefficient of ¢" in G(t) grows asymptotically like

n~lo83/1085 F(1og 1/ log 5)

as m goes to infinity, for some nonconstant periodic function F. The constant —log3/log5 is related to the
fractal dimension of the underlying structure. Since the exponent of n is not rational, G(t) is not algebraic (see
[FS09, Theorem VII.8]), hence it is differentially transcendental.

One can apply Theorem C to deduce the differential transcendence of the Green functions of excursions on
other self similar graphs. The step of excluding the case of an algebraic generating function may follow from
results of Teufl [Teu03] on the coefficient asymptotics, particularly when paired with [FS09, Theorem VII.8].

Pattern avoiding permutations. The Noonan-Zeilberger conjecture [NZ96] posited that the set of permu-
tations avoiding a fixed set of patterns should have a D-finite generating function, that is, that the generating
function should satisfy a linear differential equation with rational coefficients. Twenty years later, after much
activity on the problem, Garrabrant and Pak [GP16] finally disproved it showing in a proof that the generating
function of permutations avoiding a particular set of 30000 patterns was not D-finite. The study of consecutive
pattern avoidance (defined below) has a slightly different flavour, but is also a good candidate for a systematic
analysis, and indeed Elizalde and Noy [EN12] comprehensively classified the nature of the generating function
for all small patterns to length 4. Permutations avoiding consecutive patterns can naturally describe bases of
shuffle algebras with monomial relations [DK13]. Most permutations avoid a consecutive pattern and conse-
quently, it turns out to be better to encode enumerative data using the exponential generating functions (EGF),
i.e., we associate to our counting sequence (f,)52, the series f(t) = .50 %t”. To avoid confusion when were
are talking about both EGF and OGF, the carat identifies the EGF of a sequence. A non-D-finite example
was found quickly, and although it had been conjectured that in fact the reciprocal should always be D-finite,
Elizalde and Noy gave strong evidence that the reciprocal of the EGF for the class of permutations avoiding
the consecutive pattern 1432 was not D-finite, an example we consider now.

A permutation o € &,, is said to avoid tkle consecutive pattern 1423 if there is no 1 < i < n — 4 such that
o(i) <o(i+4) <o(i+2) <o(i+3). Let P(t) be the exponential generating function for permutations that
avoid the consecutive pattern 1423. (OEISA201692). Elizalde and Noy [EN12] determined the following system
of equations for the EGF ]3(15):

~ 1 t 4
(1.7) P(t) = 73\(15) such that S(t) =S <1 —|—t2> 171 +1.

The non-D-finiteness of S(t) was subsequently proved by Beaton, Conway and Guttmann in [BCG17] who
showed that an explicit solution to the functional equation had an infinite number of singularities. Theorem A
above, with R(t) = # gives a potentially simpler path to establish that S(¢) is not D-finite (and indeed the
even stronger conclusion that it is differentially transcendental) since you would just need to show that S(t) is
not solution of an inhomogeneous linear differential equation of order 1. As it is, as Beaton et al. did establish



that S(t) is not D-finite, and hence we can conclude by Theorem A that it is differentially transcendental.
Regrettably, even with this stronger result we do not have enough information to use this to say something about
P(t) since we cannot conclude that S(¢) is differentially transcendental from the fact that S(t) is differentially
transcendental.? -

Beaton, Conway and Guttmann [BCG17] extended their analysis to an entire family. Let P,, be the EGF
for permutations that avoid the consecutive pattern 1m23...(m — 2)(m — 1) for any m > 4. Then,

— 1 t t

They deduce that for any m, as Sy, (¢) is not D-finite, the reciprocal of the generating function ]S;n(t) is also not
D-finite. Applying Theorem A, we conclude that for every m, S, (t) is furthermore differentially transcendental.
As a partial result towards the proof of Theorem A, we obtain (see Corollary 4.12 below):

Theorem D. We assume that R satisfies (R). Let us consider an equation of the form ®gr(y) = ay + b, with
R,a,b € C(t) and a,b # 0. Let f € C((t)) satisfy the equation ®r(f) = af +b. If the functional equation
®r(y) = ay does not have a nonzero algebraic solution, then either f € C(t) or f is differentially transcendental
over C(t).

It follows that one could consider to prove the D-finiteness of S,,(t), with m > 4, proving that it is not a
rational function and that the functional equation

t 1+t
= t
y<1+tm2> t y(®)

does not have a nonzero algebraic solution.

1.2 A summary of the main theoretical results

The interactions between Galois theory of functional equations and enumerative combinatorics has produced
spectacular results in the last few years and we are most likely far from having explored all the possible appli-
cations and interaction. One potential barrier to a more steady flow of collaborations is the relatively opposing
perspectives towards mathematics between the two communities. Indeed, while generally in enumerative com-
binatorics algebraic abstraction comes into the picture only when strictly necessary, in the Galois theory of
functional equations one frequently finds theorems that are stated over very general fields. These results may
actually apply to very concrete situations, yet the novice user can find the theorem formulations daunting. For
this reason, we have made the choice to try to write the functional theoretical part of the paper in a “bottom-up”
spirit. We have tried to introduce an abstract point of view as late as possible, to clarify where and why a more
sophisticated setting is necessary in order to be accessible to a larger audience of readers.
Our main purpose is to prove Theorem A (as well as Theorem B and Theorem C), that we recall here:

Theorem A. Let R(t) satisfy assumption (R). We suppose that there exist a,b € C(t), and f € C((t)) such
that f(R(t)) = a(t) f(t)+b(t). Then either f is differentially transcendental over C(t) or there exists o, 8 € C(t)
such that f' = of + 3.

These statements are related to a collection of results in the literature that establish a dichotomy “algebraic

vs differentially trascendental” for the following kind of functional equations:

1. If R(t) = H% then the result is proved in [Nis84, Theorem 2]. Notice that in loc.cit. the author writes
the operator using the variable s = 1, so that ®r(f(s)) = f(s+ 1). The case R(t) = H% is considered
also in [BDVR20], where the authors establish the differential transcendence of solutions over the germs of
meromorphic functions at zero, inspired by the example of the generating series of Bell numbers in [Kla03],
and make a list of generating functions coming from combinatorics which satisfy functional equations
associated with such an R.

2. In the case R(t) = t¢, with d > 2, i.e., in the so-called Mahler case, the result above is proved in [Nis84,
Theorem 3], [Ran92, page 22] and in [Ngull]. A well-known application is the generating function of the
celebrated Thué-Morse sequence (OEISA010060) which satisfies an order one Mahler equation with d = 2.
It is not rational, hence it is differentially transcendental over C(t).

2Indeed, there is a tempting conjecture of Pak and Yeliussizov [Pak18] that would imply that for any integer sequence, if both the
ordinary and exponential generating functions are differentially algebraic then actually, they are both D-finite. Perhaps consecutive
pattern avoiding permutations can be useful to support the result or find counter-examples.



The case R(t) = gt, with ¢ € C, ¢ # 0,1, and not a root of unity, is proved in [Ish98, Theorem 1.2] and [Ogal4,
Theorem 2]. The classification of walks in the quarter plane is the main example from combinatorics to which
these results have been applied. See [DHRS18]. Notice that we do not cover the case of a general nonzero R'(0),
different from a root of unity, which is most likely true, but more complicated to unravel. We haven’t found
any functional equation coming from combinatorics associated to a rational function R of this form and for this
reason we have left this case aside for the time being. We will comment again on this precise issue.

The papers [Ram92], [BG93] and [SS19] are a first step toward the generalization of the results above: in
them the authors prove the rationality or the algebraicity of solutions of systems of linear functional equations
of different natures. They consider situations that are quite similar to the conclusion of Theorem A, namely
the fact that if f is differentially algebraic than it is solution of the system

Op(f)=af +0b, f'=af +p.

In loc. cit., the authors prove that, when R(t) € {t + 1,qt,t%}, a solution of the system above is necessarily
algebraic, and even rational in some cases. Therefore, it is quite natural to ask whether a similar result holds
for a general R(t).

The first Galoisian approach to these kind of statements is developed in [Har08], which has inspired different
parameterized Galois theories leading to similar statements in different settings. See [HS08, §3.1], [DVHW17,
§3], [OW15, §3]. The main result of [ADH21] generalizes the results obtained for functional equations of the
form ®r(y) = ay + b, when R(t) =t + 1, %th’ qt,t? to higher order functional equations.

Proof of Theorem B and Theorem C In §3, we start proving the following statement:

Theorem B. Let R(t) satisfy assumption (R). We suppose that there exists b € C(t) and f € C((t)) such that
f(R(t)) = f(t) +b(t). Then either f € C(t), or f is differentially transcendental over C(t).

The aforementioned Corollary 1.2 is derived from Theorem B. A second result is the following;:

Theorem C. Let R(t) satisfy assumption (R). We suppose that there exist f € C((t)) and a € C(t), such
that f(R(t)) = a(t)f(t). Then either f is algebraic over C(t) and there exists a positive integer N such that
N € C(t), or f is differentially transcendental over C(t).

They are proved using a Galoisian result as a black box (see Proposition 3.6 below). They do not require
many precautions in their proof because in both cases f determines the whole space of solutions of the functional
equation, up to an additive or a multiplicative constant. The rationality of the coefficients involved allows a
relatively elementary reasoning on the residues of the expressions we obtain.

A major ingredient of the proof is the main theorem of [BB95] (see Theorem 2.3 below), which classifies
rational R satisfying (R) for which there exists a rational m(t) such that R(m(t)) = m(t?), for some d > 2.
Those cases are a priori eliminated from our consideration, as they are reduced to Mahler equations which have
previously been considered. For all the others, the solutions of the iterative logarithmic equation y(R(t)) =
R'(t)y(t) are differentially transcendental. We call IF the field generated by F, a non zero solution ¥ of y(R(t)) =
R'(t)y(t), whose existence is discussed in §2.2, and all its derivatives. Therefore, under the extra assumption:

We fix R € C(t), with R(0) = 0, such that no iteration of R is the identity.
(D7) We suppose that there exists ¥ € F such that ®5(¥) = R'(t)¥ and that ¥ is
differentially transcendental over C(t) with respect to %.

we reduce the proof to the following statements:

Theorem E. Under the assumptions (DT), let b € C(t) and let f € C((t)) be a solution of the equation
Or(f) = f+0b. Then, either f € C(t) or f is differentially transcendental over C(t), with respect to %.

Theorem F. Under the assumptions (DT), let a € C(t) and let z € C((t)) be such that Pr(z) = az. Then
either z is algebraic over C(t) and there exists a positive integer N such that z¥ € C(t) or is differentially
transcendental over C(t).

We prove Theorems E and F, in Section §3.2 and §3.3, respectively. As far as assumptions (D7) are
concerned, the assumption on R’(0) has disappeared and has been replace by an assumption on ¥. The point is
that when R’(0) # 0 is not a root of unity we have more than two cases: either the functional equation reduces
to a g¢-difference equation, which is already covered by the literature, or ¥ is differentially transcendental, or ¥
is differentially algebraic of certain types classified by Ritt in [Rit26]. The latter situation is not treated in this
paper. See Remark 2.9.

We show in Remark 2.4 that the polynomial ¢ + 3 associated with the complete {2,3}-trees (see Equa-
tion (1.4)) is an example for which W is differentially transcendental and cannot be reduced to a Mahler equation,
hence our results are really needed in the applications. See Proposition 3.4.



Proof of Theorem A. Theorems C and B are not enough to prove Theorem A. Now, if we can find an
algebraic solution z of y(R(t)) = a(t)y(t), we can, by dividing the unknown function by z, transform the equa-
tion y(R(t)) = a(t)y(t) + b(t) into an equation that resembles that of Theorem B except now with algebraic
coefficients: y(R(t)) = y(t) + %. We are no longer in the situation of Theorem B. Furthermore, Theo-
rem A provides one formal power series solution of y(R(t)) = a(t)y(t) + b(t), but no solution of the associated
homogeneous functional equation y(R(t)) = a(t)y(t), that we need to construct abstractly, to obtain a full set
of solutions. To fill this gap, we consider a more abstract setting and prove statements that can be considered
as particular cases of Theorem A: In other words, we cannot prove Theorem A directly, but we need to make a
Galoisian detour.

Let F be the field of Puiseux series with complex coefficients, i.e., the algebraic closure of C((t)), and let K
be the algebraic closure of C(¢) in F. To extend the endomorphism of composition with R(¢) to F one has to
choose a compatible system of roots of R, and hence implicitly allow R to be an element of K. We call F the
field obtained adjoining a convenient solution ¥ of y(R(t)) = R'(t)y(t) and all its derivatives to F. Under the
following assumption:

We fix a nonzero R € K N ¢CJ[t]], such that no iteration of R is equal to the

(DT aig) identity. We suppose that ¥ € F is differentially transcendental over K with
respect to %.

we prove two statements analogous to Theorem B and Theorem C (see Proposition 4.6 and Proposition 4.7,
below). Finally we put all the pieces together and we get to the only point where we actively need some Galois
theory. Using the abstract solutions of y(R) = ay and f, we finally have a C-algebra where f(R) = af + b has
a full set of solutions. We need to find a nontrivial automorphism of it, commuting with the derivation and the
composition with R: C is a too small field to guarantee such a property and in §4.3 we have to consider a even
more general situation by performing an extension of constants to a differentially closed field. This leads to the
proof of Theorem D. Ultimately, this more general setting allows us to prove Theorem A, in its very elementary
formulations, that, as we hopefully have convinced the reader, apply neatly to different combinatorial situations.
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2 Technical background

We first briefly recall the few properties of differential fields that we need in this paper. For the readers interested
in knowing more, one of the classical references on the subject is [Rit66]. Then we examine the possible solutions
to the functional equation y(R(t)) = R'(t)y(t) in order to precisely define the differential algebra that we use
in the proof.

2.1 A brief digression on differential algebra

Let (K,0) be a differential field of characteristic zero, that is a field K of characteristic zero equipped with a
linear map 9 such that d(ab) = d(a) b+a d(b), for any a,b € K. We call 9 the derivative of K. Most of the time
we will write only K for (K,0). A differential field extension F/K is a field extension such that both K and F
are differential fields and the derivative of F' extends the derivative of K. We denote by O both the derivative
of F', and the one of K.

Ezample 2.1. For instance, we can take K = C(t), F' = C((t)) and 9 = &.

An element f € F is said differentially algebraic over K if there exists an integer n > 0 and a polynomial P
in n+ 1 variables and with coefficients in K such that P(f,d(f),...,0™(f)) = 0. We say that f is differentially
transcendental over K if it is not differentially algebraic over K. Sometimes, to put the accent on the choice of
the derivative, we will say that f is differentially algebraic (resp. transcendental) over K with respect to 9. We
call P(y,0(y),...,0™(y)) = 0 an algebraic differential equation (in the unknown function y, with coefficients in
K, of order n with respect to the derivative 9, satisfied by f).

The field F is said to be an algebraic differential extension of K if any element of F' is differentially algebraic
over K and it is said to be a differentially transcendental extension of K otherwise. A purely differentially
transcendental extension F/K is a differentially transcendental extension such that no element of F\ K is
differentially algebraic over K. Notice that if f € F' is differentially transcendental, then for any n > 0 the



algebra K[f,0(f),...,0™(f)] is a purely transcendental algebra over K and can naturally be identified with a
ring of polynomials in n 4 1 variables.

The following elementary lemma is the only property of differential extensions that we will need in what
follows:

Lemma 2.2. Let L be an intermediate differential field of the differential extension F/K, i.e. an intermediate
field stable by 0. We suppose that L/ K is a differentially algebraic extension. Then:

1. IfIN( is an intermediate differential field of F/K that is a purely differentially transcendental extension of
K, then LNK =K.

2. If f € F s differentially transcendental over K, then f is also differentially transcendental over L.

Proof. The first assertion follows from the definitions. We prove now the second statement, under the assumption
that L is generated over K by a finite number of differentially algebraic elements and their derivatives, which
implies that tr.degy,L < oco. We suppose by contradiction that f is differentially algebraic over L, i.e., that
there exist an integer n > 0 and a polynomial P with coefficients in L and in n + 1 variables, such that

P(f,0(f),...,0™(f)) = 0. Therefore:
tr.deg i K (0°(f),i > 0) < tr.degp L(0*(f),i > 0) = tr.degy L + tr.deg; L(0*(f),i > 0) < oo.

We conclude that f is differentially algebraic over K, against the assumptions.

If f is differentially algebraic over a general differentially algebraic extension L of K, then f is differentially
algebraic over the extension of K generated by the coefficients of its differential equation P(f,d(f),...,0"(f)) =
0 and their derivatives. We conclude from the previous discussion that f is differentially algebraic over K, which
completes the proof. O

2.2 The iterative logarithm of R

We recall the notation. Let C((t)) be the field of (formal) Laurent series with coefficients in the field C of
complex numbers and let R(t) € tC[[t]] be nonzero power series, without constant coeflicient. We consider the
field endomorphism @ : C((¢)) — C((¢)) defined by

F@) =" ful™ = ®(f(1) := f(R(1) :== > fuR(H)",

which is well defined since R has no constant term. We identify C(¢) with a sub-field of C((¢)), by identifying
rational functions with their Taylor expansion.
For any f € C((t)), we will denote by % or simply by f’ the usual derivative of f with respect to t. We

will also write f(") for Cflfﬂf By chain rule, we have ®r(f)" = ®r(f’)R’. We are interested in the (differential

properties) of solutions of the functional equation

(2.1) y(R(t) = R'(t)y(t),

usually named after Julia or Jabotinski in the literature, which will play an auxiliary, yet crucial, role in the
proofs below. Its solutions are sometimes called iterative logarithms. See [Ec74, Page 31, Def. 4(b)] or [Ec75].
We recall assumption (R) on R:

R(t) € C(t), R(0) =0, R'(0) € {0, 1,roots of unity},

(R) but no iteration of R(t) is equal to the identity.

First of all, we recall the main result of [BB95], which extends Ritt’s theorem from [Rit26] (see also [Fer21]). It
mentions the d-th Chebyshev polynomial Ty(t), for d > 1, defined by the identity Ty(cos8) = cos(df), for any
real value of #, and homography, which in this context is essentially a fractional linear transformation.

Theorem 2.3 ([BB95]). Under the assumption (R) we have:

1. If R(t) has a zero of order d > 2 at 0, there exists a solution T € t + t2C[[t]] of the functional equation
7(R(t)) = 7(t)? and one of the following possibilities occurs:
(a) There exists a homography m such that R(m(t)) = m(t?) and 7 is differentially algebraic over C(t);

(b) There exists a homography m such that R(m(t)) = m(£T4(t)) and 7 is differentially algebraic over
C(t);

(c¢) T is differentially transcendental over C(t).



2. If R'(0) = 1, there exists T € C[[t]] satisfying the functional equation T(R(t)) = 7(t) + 1 and 7T is
differentially transcendental over C(t).

Proof. 1. Let d be the order of R at 0. It follows from Boéttcher’s Theorem [Boe04], [Rit20, §II] that there
exists a power series 7(t) € tC[[t]], such that 7(R(t)) = 7(¢)%. Hence 7 admits a compositional inverse o
which is also an element of ¢C|[[¢]] and which is differentially transcendental over C(¢) if and only if 7 is
differentially transcendental over C(¢). Then the result follows from [BB95, Theorem (ii), page 466].

2. This assertion coincides with [BB95, Theorem (iii), page 466].
O

Remark 2.4. 1. If R has a zero of order d > 2 at 0, then 7 is called a Bottcher function. Béttcher’s theorem
says more about 7 than we have used in the proof above. It guarantees that 7 is convergent at 0 and is

defined, in a neighbourhood of the origin, as the uniform limit of the family [Ron(t)]l/ 4" when n goes to
infinity. See [Rit20, §1I] for the details.

If R(t) = t?, then 7 = (t, with (¢~ = 1. If on the other hand, R(t) = +Ty(t), then 7 is an algebraic
function defined by (27(t)2 — 2¢t7(t) + 1 = 0, with (¢! = £1. In the latter case, the compositional

inverse o of 7 verifies o(s) = % ((S + é), as one can verify applying the variable change s = 7(¢).

2. If R'(0) = 1, the series 7 is said to be an Abel function. In this case, 7 is analytic in some “petals” centered
at 0, and admits an asymptotic expansion at zero.

Now we switch our attention back to the Julia equation (2.1). Before actually stating the existence of its
solutions we need to define a convenient function field where one can find them. In what follows we denote
by C({t}) the field of germs of meromorphic functions at 0. We are only sketching the proof of the following
lemma as it is quite classical:

Lemma 2.5. The tensor product C({t})(logt) ®c(sy) C((t)) is a domain, equipped with a canonical action of
% and ®r, such that % odrp = R'(t)Pgro %.

Its field of fractions, that we will denote by C((t))(logt), is equipped with an action of both % and @, such
that % o®r =R'(t)Pgro %. Its sub-field of invariant elements with respect to ®g is C.

Sketch of the proof. First of all, notice that the differential equation y’ = % does not have any solution in the
field of Puiseux series with coefficients in C, hence any solution of such differential equation is transcendental
over C((t)). Therefore we consider the transcendental extension C((¢))(T) of C((t)) and set T = 1. One can
verify by hand that its sub-field of constants is C. This field can already be identified with C((¢))(logt), but we
need to define an action of @ on it, with the expected properties. That’s the object of the lemma.

We look at C({t}) as to the field of germs of meromorphic function at 0 over the Riemann surface of the
logarithm, so that it makes sense to consider the field C({t})(logt). Moreover, we identify C({t}) with a sub-
field of C((t)), identifying the element of C({t}) with its Taylor expansion at zero. Both C({t})(logt¢) and
C((t)) can be embedded in C((¢))(T") and we can consider the tensor product C({t})(logt) ®c(f+}) C((t)) of
C({t})-algebras, equipped with the canonical derivative induced by <, ie., £(f®g) = f'®g+ f®g, for any
f®g e C({t})(logt) ®c(qey) C((t)). Therefore there is a natural morphism from C({t})(logt) ®c({+) C((t)) to
C((t))(T) defined by

Zfi(logt)i ® g; Z figiT",

which is injective and commutes with the action of 4. The endomorphism ®p acts naturally on C({t})(logt),
since in a small punctured neighborhood of 0 on the Riemann surface of the logarithm the function log(R(t))
has an analytic meaning. Therefore we can consider its canonical action on the tensor product, which is defined
by ®r(f ® g) = ®r(f) ® ®r(g), for any f® g € C({t})(logt) ®c(f+}) C((t)). Finally, the chain rule holds on
C({t})(logt) ®c(f+3) C((t)), thanks to the Leibniz rule, since it holds on C({t})(logt) and on C((t)).

We take C((t))(logt) to be the field of fractions of C({t})(logt) ®c(fs) C((t)). The sub-field of invariant
elements of C((¢))(logt) with respect to ®p is still C: One can prove it “by hand”, however it is a known result
under quite general assumptions. See [OW15, Lemma 2.13], which extends [vdPS97, Lemma 1.8] to the case of
difference equations with respect to an endomorphism. O

3Notice that the polynomial Ty (t) has a zero of order d at oo, while we have supposed that we have a fixed point at 0. Of course,
it suffices to make a change of variable of the form ¢ — 1/t.
One can prove quite easily, by recurrence on d that Ty(o(s)) = o(s%). Indeed we have Ta(t) = 2t — 1, so that for any root of

unity ¢ we have Th (% (Cs + é)) = % <C232 + C2182 ) If ¢ = 1, we have the conjugation for d = 2. One completes the proof using
the recurrence Ty41(t) = 2tTy(t) — Ty—1(t).
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Remark 2.6. Some readers may like a more algebraic approach to the proof of Lemma 2.5. Indeed, there exists a
series x € C[[t]] such that 7(t) = t(1+tx(¢)), so that one can formally define log T = logt+1log (1 + tx(t)), using
the definition of log(t) as a formal power series. One can show formally that the power series defining log(t)
has the expected properties when applied to products, so that if ®(7) = 7¢ then ®r(log7(t)) = dlog(7(t)).

We are ready to describe the solutions of Equation (2.1).
Proposition 2.7. Let R(t) € C(t) satisfy (R) and let ¥ be a solution of Pr(y) = R'(t)y. We have:
1. If R(t) has a zero of order d > 2 at 0, then ¥ € C((¢))(logt) and one of the following possibilities occurs:

(a) there exists a homography m such that R(m(t)) = m(t%) and ¥ is a homography composed with a
monomial times a logarithm.

(b) there exists a homography m such that R(m(t)) = m(xTy(t)), where T4(t) is a Chebyshev polynomial,
and U is in C(t,logt) C C((t))(logt).

(c) U is differentially transcendental over C(t).

2. If R'(0) is a root of unity, then W € C((t)) is differentially transcendental over C(t).

Proof. If 7 is a Bé&ttcher function then Z/((g((tt)))) R'(t) = d:/((:)). Therefore we need to find a solution of the

functional equation ®z(y) = dy. As we have pointed out in Remark 2.4, we know that 7 is a convergent series
at 0, with a zero at 0. Therefore the logarithmic derivative % admits as primitive log7(t) € C({t})(logt),
which is analytic on the Riemann surface of the logarithm, in a punctured neighborhood of 0. We have:
Pr(log7(t)) = log 7(R(t)) = log7(t) = dlog7(t). We conclude that ¥ = Z log7 € C((t))(logt) is a solution
of Pr(y) = R'(t)y. The result follows from Theorem 2.3.

Let us prove the second statement. If R’(0) is a nontrivial root of unity, then it is enough to replace R by
an iteration of R: For any n > 1 we set R°" = R and R°" = Ro R°(™~1) so that, using the chain rule, one can
prove recursively that a solution of Equation (2.1) is also a solution of y(R°™(¢)) = (R°"(t))y(t). Therefore, if
R’(0) is a root of unity, replacing R with a convenient iterate of R, we can assume that R'(0) =1, and deduce
the result from the case R'(0) = 1. If 7 is an Abel function, then 7(R(t)) = 7(t)+ 1 and hence ®g(7")R(t)’ = 7.
U = L is a formal power series solution of the functional equation y(R(t)) = R'(t)y. The result follows from

TheorTem 2.3. O

Ezample 2.8. The functional equation (1.4) of complete {2, 3}-trees provides an example of a polynomial R(t)
satisfying (R), for which ¥ is differentially transcendental. So let us prove that R(t) = t? + 2 is not conjugated
via a homography to a monomial or a Chebyshev polynomial.

The set of critical points of R(t) is the set of points in which the derivative R'(t) annihilates, namely,
C:=1{0, —%} The set of critical values of R is the set of values of R at the points of C, i.e. V := {0, %} One
says that R is post-critically finite if the set

P(R) := UO R (V)

n>

is finite, where we have denoted by R°™ the composition of R with itself n times. The property of being post-
critically finite is invariant under conjugation with a homography m(t), since homographies do not have critical
points and m o R om™! = (mo Rom™1)°". Tt is easy to check that P(t%) is finite. For the finiteness of
P(£Ty(t)) we refer to [Mil06, Problem 7-c, page 73].

Since for any ¢y € (—%, —1*27‘/5) we have |tg + t3| < 1, we conclude that :

[t2 + 13| < |tol.

S

The fact that % € (_ 1+2 = 172\f5

follows from Theorem 2.3 from [BB95], that in this case U is differentially transcendental.

Remark 2.9. Notice that if R'(0) is not 0 or a root of unity, one easily shows that ¥ € ¢t + t*C[[t]] substituting

a formal power series in the functional equation and showing that one can determine its coefficients recursively

(see Lemma 4.2, below). In this case, there exists a power series 7 such that ®g(7) = R'(0)7 and ¥ = &

T
As far as the differential transcendence of 7 is concerned, Ritt in [Rit26] has classified the cases in which 7 is
differentially transcendental. Differently from the Abel and the Bottcher cases, 7 can be both transcendental

and differentially algebraic over C(t), which would add an extra step to the proof of our main results (see §3).

) implies that the set P(R) is infinite with an accumulation point at 0. It

For further reference, we notice Equation (2.1) can be derived to obtain a system of functional equations
satisfied by ¥ and its derivatives. Before describing it, we introduce the notation:

Notation 2.10. For ¥ and V¥ only, we will write ¥,, for ¥(®) | for any integer n > 1, and ¥y for U itself.
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Lemma 2.11. The solution V and its derivatives satisfy the following system of functional equations:

Dr(Ty) = Ry,
DR(T,) = (R0, + 300 Anse s, Yn>1,

where A, is a rational expression in R, ..., RO =K1 with coefficients in C.

Proof. Notice that the chain rule holds in C((¢)) as well as in C((¢))(logt). Differentiating ®r(¥o) = R'¥( we
obtain the functional equation for ¥y, namely, ®r(V;) = ¥; + %,/\IIO. We can apply the chain rule to prove
the statement for ¥, by induction on n. O

3 Proofs of Theorem B and Theorem C

The main workhorse results of this section are Theorem E and Theorem F, proved in §3.2 and §3.3, respectively.
To deduce Theorem B and Theorem C from the latter, we rely on the main results of [BB95].

3.1 Proof strategy

We recall Theorem B from the introduction:

Theorem B. Let R(t) satisfy assumption (R). We suppose that there exists b € C(t) and f € C((t)) such that
f(R(t)) = f(t) + b(t). Then either f € C(t), or f is differentially transcendental over C(t).

We can say something more precise under some additional conditions. For example, in the application to
the generating functions of complete trees, we use the following corollary (see Corollary 1.2 in the introduction):

Corollary 3.1. Let R € t*C[t] \ {0} and b € tC[t], with b # 0 and deg, b < deg, R. If there exists f € C((t))
such that ®r(f) = f + b, then [ is differentially transcendental over C(t).

Proof. Let us suppose towards a contradiction that f is differentially algebraic over C(¢). Theorem B, plus
the fact that b £ 0, implies that f is a nonconstant rational function. We can write f = %, for some U,V €
Cl[¢], such that ged(U,V) = 1. Let us assume that V is not a constant in C. Then the functional equation

Or(f) = f + b becomes % = UV with ged(U 4 bV, V) = 1. Since R is a polynomial, both ®(U) and

® (V) are polynomials. Moreover there exist u,v € C[t] such that uU + vV = 1, hence we conclude that

Pr(u)Pr(U)+Pr(v)Pr(V) =1, ie., ged(Pr(U),Pr(V)) = 1. Therefore both iig\[ig and YEY are irreducible
rational functions in C(¢) and there must exist ¢ € C such that ®(V) = ¢V. Since V is not a constant
polynomial, we obtain the identity deg, V - deg, R = deg, V, hence deg, R = 1, which contradicts the fact that
R € t2C[t]. We conclude that V is a constant and f € CJ[t].

We deduce from ®r(f) = f + b that deg, f - deg, R < max(deg, f,deg, b) < max(deg, f,deg, R) and hence
that either deg, R = 1 or deg, f = 1. Since R has at least degree 2, f must have degree 1 in t. We write
f =at+ p, for some o, € C. Then we have aR(t) + 8 = at + 8 + b and hence R(t) =t + g We conclude
that deg, R < deg, b, counter to the assumption. We have found a contradiction, therefore f is necessarily
differentially transcendental over C(t). O

Finally we recall the statement of Theorem C:

Theorem C. Let R(t) satisfy assumption (R). We suppose that there exist f € C((t)) and a € C(t), such
that f(R(t)) = a(t)f(t). Then either f is algebraic over C(t) and there exists a positive integer N such that
N e C(t), or f is differentially transcendental over C(t).

The next proposition provides insight on the different conclusions of the two statements above, namely that
an equation of the form ®r(y) = y + b cannot have algebraic non-rational solutions. It could be proved as
an immediate consequence of the fundamental theorems of difference Galois theory, but one can also give a
relatively short and elementary proof:

Proposition 3.2. Let R € C(t) be a nonzero rational function having a zero at 0. Suppose that there exists
be C(t) and f € C((t)) such that Pr(f) = f +b. Then either f € C(t) or f is transcendental over C(t).

The proof is based on the following crucial property of ®r, which for further reference, we state for any
R € tC][t]], not necessarily rational:

Lemma 3.3. Let R =Y ., rnt" € tC[[t]], R # 0 such that no iteration of R(t) is equal to t. The field C((t))*#

of invariant elements of C((t)) with respect to ®r coincides with C.
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Proof. We suppose by contradiction that there exists f = >~ foz™ € C((t)) \ C such that ®r(f) = f. Since
either f € C[[t]] or % € C[[t]], we can suppose without loss of generality that f € C[[t]]. Let fo be the constant
term of f. Since Pr(f — fo) = f — fo, we can also suppose that fo = 0, i.e. f is a nonzero element of tC[[t]].
Let fyt™ and r3tM be the monomials of lowest degree in t of f and R, respectively, so that fx,7y # 0. We
derive from ®p(f) = f that faritVM = fytN. We conclude that we must have M = 1, ¥ =1 and fx € C.

By replacing R by its N-fold iterate, we can suppose that 7y = 1. Finally, the development of ®r(f) = f gives

the identity:
z(th S - )w—zm

n>N mi+-+mp=n n>N

Identifying the coefficients of t" on both side of the identity above, we obtain once more the identity fxrY = fy.
Calculating the coefficients of tV 11, we obtain Nr{v_lrgf]v + T{V"’lfNH = fn41, hence Nrofn + fvi1 = fy+a
and ro = 0. Let P be the smallest integer > 2 such that rp # 0. Identifying the coefficients of t¥+F~1 in
the equation above, we obtain that Nr{vflrpr + T{VJ“P*lfNer,l = fn+p—1. Therefore Nrpfy + fnip_1 =
fn+p-1, and hence fy = 0 contrary to the assumption. Therefore the only invariant elements with respect to
®p are the elements of C. O

Proof of Proposition 3.2. It is enough to prove that if f is algebraic over C(t), then it is a rational function. If f
is algebraic over C(t), there exists a polynomial P(t, X) € C(¢)[X] of minimal degree in X such that P(t, f) = 0.
We can suppose that P is monic of degree N, ie., P(t,X) = vazglpi(t)Xi + XN for some integer N > 1
and po(t),...,pn-1(t) € C(t). Applying ®r to P(t, f) = 0 we find another monic polynomial of degree N
in C(¢t)[X] having f as a root, namely P(R(t), X +b) = Zil\;lpi(R(t))(X +b)  + (X +b)N. Since P(t,X) and
P(R(t), X +b) are both monic minimal polynomials of f over C(t) they must coincide. In particular they must
have the same coefficients of XV =1, forcing py_1(t) = py—_1(R(t)) + Nb, that is, ®r(pn_1(t)) = py—_1(t) — Nb.
Now consider the image of Nf + py_1(t) under ®g:

Pr(Nf+pn-1(t)) = NOg(f) + Pr(pn-1(t)) = Nf + Nb+pn_1(t) = No=Nf +pn_1(l).

Hence N f +pn—1(t) is invariant with respect to @5 and so Lemma 3.3 implies that N f +py_1 € C. By solving
for f we conclude f € C(t). O

In general, the same is not true for homogeneous equations. For example, the irrational, but algebraic,

. 2
function f(t) = \/ﬁ satisfies f (1_’5—%2) = (1-2t2)f(t).
Next we give some more detail on the strategy of the proof of Theorem B and Theorem C.

Idea of the proof of Theorem B. Let us suppose that R(t) has a zero at 0 of order d > 2 and let 7 be the
associated solution of ®g(7) = 7¢ and o its compositional inverse. By Theorem 2.3 and Remark 2.4, if R
is conjugate via a homography either to t? or to £Ty(t), then o(t) € C(t) is obtained composing either (t

r % (C s+ é) with a homography and hence it is a rational function. In this case, 7 is at worse algebraic.

We consider the functional equation ®r(f) = f + b and we set w = foo, g = boo and s = 7(¢). Then
®r(f) = f+bbecomes f(o(r(R(t)))) = f(o(r(t)) + b(a(7(t))) and hence w(s?) = w(s) + g(s), with g € C(s).
Then we know that w(s) = f(o(s)) is either a rational function or differentially transcendental over C(s) (see
[Ran92, page 22]). Since 7(t) is an algebraic function, f(¢t) = w(7(¢)) is either an algebraic function of ¢ or
differentially transcendental over the field of algebraic functions, and a fortiori differentially transcendental over
C(t). Thanks to Proposition 3.2, we conclude that f is either rational or differentially transcendental over C(¢).

It remains to prove the theorem when 7 is differentially transcendental over C(t), which furthermore implies
that ¥ of the previous section is differentially transcendental (see Proposition 2.7). This case is handled in
Theorem E, whose proof is in §3.2. O

Idea of the proof of Theorem C. The same argument as above can be used to deduce Theorem C from Theo-
rem F (see §3.3 below for the proof). Let us give some details. The same change of variable and unknown
function that we have considered in the proof of Theorem B allows to prove that, when 7 is differentially al-
gebraic, f is either an algebraic function or differentially transcendental. To conclude, we need to show that
there exists a positive integer N such that f%V is rational. We proceed as in the proof of Proposition 3.2. Let us
consider the minimal monic polynomial of f over C(t), so that f~ + ZZ o Ypi(t)f1 = 0, with p;(t) € C(t) and
N minimal. Applying ®x and dividing by a”V we obtain:

N-1
it i
0=f"+ —fj\f_)if.

=0

The two polynomials must coincide. In particular, we must have ®r(py) = a™py. Since fV also satisfies
Or(fN) = aV fN, we conclude that there must exists a constant ¢ € C such that fV = epo(t) € C(t), as
claimed. O
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In the proofs above, we reduce to the case of Mahler equation whenever R'(0) = 0 and ¥ is differentially
algebraic over C(t). In practice, such a condition may be difficult to check, so it is nice not have to. However,
one may ask whether the case of a differentially transcendental ¥ actually occurs, or if the known theorems on
Mahler equations alone would suffice to conclude differential transcendency in the applications. We know from
Example 2.8 that the answer is no:

Proposition 3.4. The functional equation of the complete (2,3)-tree, with R(t) = t*> +t3, cannot be reduced to
a Mahler equation via a rational conjugation.

Proof. We have shown in Example 2.8 that R(t) cannot be conjugate to a monomial or a Chebyshev polynomial,
via a homography. Therefore Theorem 2.3 implies that Equation 1.4 cannot be reduced to a Mahler equation
via a rational variable change. O

3.2 Iterative difference equations of the form ®5(y) = y + b. Proof of Theorem E

We fix a nonzero R € C(t), with R(0) = 0, with no further assumptions on R’(0). We denote by F the field
generated by C((t)) and ¥ and all its derivatives with respect to %. Until the end of the paper we suppose the
following assumptions to be verified:

We fix R € C(t), with R(0) = 0, such that no iteration of R is the identity.
(DT) We suppose that there exists ¥ € F such that ®5(¥) = R'(¢)¥ and that ¥ is

differentially transcendental over C(t) with respect to %.

This means that either F = C((¢)) if R'(0) # 0 or F = C((¢))(logt), if R'(0) = 0 (see Proposition 2.7). We have
seen in §2.2 that the field F comes equipped with an extension of the endomorphism ®x and an extension of

the derivative %. Moreover, the sub-field of F of constants is C, which is also the sub-field of F of invariant

elements with respect to . We recall Theorem E, whose proof is the purpose of this section:

Theorem E. Under the assumptions (DT), let b € C(t) and let f € C((t)) be a solution of the equation
®r(f) = f+b. Then, either f € C(t) or f is differentially transcendental over C(t), with respect to 4.

The proof of Theorem E is based on a result of difference Galois theory, that we will recall shortly. The
following lemma explains the crucial role of ¥ in the proofs below:

Lemma 3.5. The derivation 0 := \I/% commutes with ®r, namely o br = dr o 0.
Proof. For any f € F we have: (00 @g)(f) = VOr(f )R = Pr(f)Pr(¥) = Pr(f'¥) = (Prod)(f). O

We call K the field generated by C(t), the function ¥ and its derivatives with respect to d/dt. We are
exactly in the situation considered in [DV21], namely: we have a base field K contained in a larger field F; the
endomorphism @ acts on both K and F and in both cases its subfield of constants is C; the derivative 9 := \I/%
stabilizes K in F and commutes to ®z. Therefore we can study the differential transcendence of f using [DV21,
Corollary 2.6.7], which is a restatement of [Har08]:

Proposition 3.6. Let F be a field equipped with an endomorphism ® g and a derivation 0, such that o0 = 0o P
and let K be a sub-field of F stable by ® and 0 and containing the field C of invariant elements of F with respect
to®. Letbe K, b#£0, and f € F be a solution of Pr(y) =y +b. The following statements are equivalent:

1. There exist n > 0, Ag,..., A\n € C, not all zero, and g € K such that Aob + \19(b) + -+ + X, 0™(b) =
Pr(g) — g

2. There exist n >0, Mg, ..., A\, € C, not all zero, such that Aof + \10(f) + -+ + X, 0"(f) € K.
3. f satisfies a linear differential equation in O with coefficients in K, i.e., f is 0-finite over K.

4. f satisfies an algebraic differential equation in O with coefficients in K, i.e., f is differentially algebraic
over K.

Remark 3.7. We are not proving the proposition above, but we can quickly comment on the equivalence between
the first three assertions. Since ® and 0 commute, if f satisfies a differential equation of order n over K, the
system of functional equations

P(y)=y+b
®(d(y)) = A(y) + A(b)

®(0"(y)) = 0"(y) +9"(b)
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has a set of solutions f,d(f),...,0"(f), which is algebraically dependent over K. For any Ag,...,\, € C,
by the C-linearity of ®, the element f = Xof + MO(f) + -+ + X, 0™(f) of F verifies the functional equation

(f) f+ b+ A0) + -+ X 8”( ). If g € K is as in the first assertion above, then f and g satisfy the
same functional equation, therefore f — g € C. Summarizing, g € K if and only if f € K if and only if f is
solution of a linear differential equation in K. The strength of this result is therefore the equivalence between
(each one of) the first three assertions and the fourth one, which requires some Galoisian insight.

Before proving Theorem E, we prove the following lemma, in which we use the definitions and properties
stated in §2.1:

Lemma 3.8. We assume, as above, that ¥ is differentially transcendental over C(t). Let L C C((t)) be
a differentially algebraic extension of C(t). Then for any f € L and any integer n > 2, we have O"f €
frUrTt, )+ L[T, ..., T, o).

Proof. First of all, Lemma 2.2 implies that U is differentially transcendental over L. As far as the first statement
is concerned, by definition, 0f = f'W,, with f’ € L. For n = 2, we have: 8°f = f’W2 + f'U;¥,. The
general statement is proved by induction on n using the Leibniz formula, since O(f’ \Ilg_l\lln_l) = f'ury, +
FO(Ty Wy + f1URT, . O

Proof of Theorem E. Tt is enough to prove that if f € C((¢)) is differentially algebraic over C(t), then f € C(t).
The proof is divided in two steps: first we prove that f/ € C(t) and then we deduce that f € C(¢).

We start with some elementary but crucial remarks. If b = 0, then f € C C C(t), therefore we can suppose
b # 0. If f is differentially algebraic over C(t) then f is differentially algebraic over K, with respect to &.
The commutativity of 0 and ® implies that for any positive integer n we have ®r(9"(f)) = 9"(f) + 9™ (b).
Moreover, the definition of ®x plus the chain rule imply that

(3.1) (YR =f +V.

Since b # 0, f is not a constant and hence f’ # 0.
It follows from the second assertion of Proposition 3.6 that there exist an integer n > 0, Ao, ..., A, € C, not
all zero, and g € K such that:

(3.2) S NS =
=0

We can suppose that A\, # 0. If n = 0, we have f = &, therefore f € K. By assumption, K/C(t) is a
purely differentially transcendental extension and f is differentially algebraic over C(t), hence we conclude that
f € C(t) (see Lemma 2.2) . This proves the whole theorem for n = 0, hence we suppose from now on that
n>1.

We are now ready to actually prove the theorem.

Step 1. If f € C((t)) is differentially algebraic over C(t) then [’ € C(t).
Let L be the differentially algebraic extension of C(t) generated by f and its derivatives. Notice that
Lemma 2.2 implies that ¥ is differentially transcendental over L. Lemma 3.8 implies that

gERN (A f O "Wy + L[To,..., T, 0]).

Since the U;’s are algebraically independent both on C(¢) and L, we can apply ai% and 3%_1 to g and we

obtain: .
, 1 o \" 0
= (= - K.
Anf = T (a%) (axpn_l (9) €

Since A, # 0, we have proved that f’, in addition to being differentially algebraic over C(t), belongs to K. We
conclude thanks to Lemma 2.2 that f’ € C(¢).

Step 2. If f' € C(t), then actually f € C(t).

Since f’ € C(t), then L = C(t)(f) and there exist an integer I > 0, ¢1,...,¢5,a1,...,a; € C and w € C(¢),

such that:

C1 Ccr /
+ -+ +w'.
t—aq t—ary

f=

If we set s; = %, then

I

0=3r(fR(t)—f =V = Z —|—<I>R NR'(t) —w' — V.
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The summands of Zle ciz—j are logarithmic derivatives of rational functions and ®g(w')R'(t) — w’ — b’ has
zero residue at any pole, because it admits a primitive in C(¢). Therefore these two terms are both equal to
zero. In particular, ®r(w’)R'(t) = w' + V. We deduce that ®r(f’ — w')R'(t) = f' — w’, and finally that
Pr((f —w')V¥o) = (f' —w')¥y. Since F®# = C, there exists ¢ € C such that f' —w' = 3. If ¢ # 0 we obtain a
contradiction since f' —w’ € C(¢), while ¥y is differentially transcendental over C(t). Hence ¢ = 0 and f' = w'.
The latter equality implies that f € C(¢), since by construction w € C(t). O

3.3 Iterative difference equations of the form ®z(y) = ay. Proof of Theorem F

Let us consider a functional equation ®r(y) = ay, with a € C(t). We recall the statement of Theorem F, whose
proof is the object of this subsection:

Theorem F. Under the assumptions (D7), let a € C(t) and let z € C((t)) be such that ®r(z) = az. Then
either z is algebraic over C(t) and there exists a positive integer N such that 2~ € C(t) or is differentially
transcendental over C(t).

We start with a lemma for functional equations of order 1 with constant coefficients, which partially explains
the conclusion of the theorem above.

Lemma 3.9. Under the assumptions (DT), in the notation of Theorem F, let a € C, a # 0. Then either a =1

and z € C or z is differentially transcendental over C(t) and there exists a nonzero ¢ € C such that 27/ =3

Proof. For a = 1 the statement is trivial, so let us suppose that a # 1. Differentiating ®r(z) = az, one sees
that W2’ is solution of the same functional equation, i.e. ®z(V2’) = a(¥z’). Using the fact that F*2 = C, we
deduce that there exists ¢ € C such that Uz’ = cz. If 2 is differentially algebraic over C(¢), then ZZ/ =c¥tekK
is also differentially algebraic over C. By assumption, ¥ is differentially transcendental over C(t), we deduce
that ¢ = 0, hence z is a constant in contradiction with the fact that a # 1. O

Proof of Theorem F. From the lemma above, if @ = 1, then z € C C C(¢). If a = 0, then f = 0 € C(¢t).
Moreover, if a € C\ {0, 1} then z is differentially algebraic over K, by Lemma 3.9. Therefore let us suppose that
a is not a constant and that z is differentially algebraic over C(t), and hence over K. By taking the logarithmic
derivative we find that

!/ /

/
Op <8z) = 9z + %, or equivalently that ®p <Z) R(t) = 242
z z a z z  a

Since a is not a constant, the logarithmic derivative <- is nonzero, hence = 7$ 0. The proof follows the structure
of the proof of Theorem E replacing f with %/

Step 1. If z is differentially algebraic over K then Z;/ e C(t).

Notice that 2 is differentially algebraic over K with respect to 0. It follows from Proposition 3.6 that there

exist an integer n >0, Ao, .-, An € C, not all zero, and g € K such that:
0 0
(3.3) AO—Z 0" (z) —geK.
z
We can suppose that A, # 0. If n = 0 then Z;/ = /\%, therefore ﬁ € Kis differentially algebraic over C(t).

Since K/C(t) is a purely differential extension, we conclude that %~ € C(t), and hence Z € C(t).
Let us consider the case n > 1. Let L be the differentially algebraic extension of C(t ) generated by z and

oz

all its derivatives. Then = = ¥ ZZ € Uy L and ¥ is differentially transcendental over L by Lemma 2.2.
One proves recursively that 9™ (%) € Z;I\I/{)L\I/n + L[y, ..., ¥, 1], since on one hand we have:

0z 2\ 2 2\
o) =m(w) = Tow+ (5)
z z z z

and on the other hand, as in Lemma 3.8, we have:
/ / ’ N\
) (zwg\pn> = 29, ST, T, + (Z> iy,
z z z z
This proves in particular that the left hand side of (3.3) belongs to )\n%/\I/g\IJn + L[Py,...,T,_1], hence:

Z 1[0\ 0
w2 = (a0) (o) 0w

Since A, # 0, we have proved that Z;/, in addition to being differentially algebraic over C(t), belongs to K. We
conclude thanks to Lemma 2.2 that Z;/ € C(1).
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Step 2. If Z;, € C(t) then z is algebraic over C(t).

Notice that we have ®p < ) R'(t) = Z?/ + %/ We proceed exactly as in the proof of Theorem E. Indeed,

there exist an integer I >0, ¢1,...,¢r,a1,...,a; € C and w € C(t), such that:
2! c c
R 1 4+t 1 _|_w’.
z t—a t—ar

If we set s; = % then

/ /

o—@R( )R’()—Z/—CM:X; ———+<I>R( NR(t) —w'.

Z 54

Since Zl 1 clg— - % is a sum of logarithmic derivatives of rational functions and ®g(w )R’ (t) — w’ has zero
residue at any pole, each one of these two terms must be zero, therefore ®g(w')R/(t) = w’. This implies that

Pr(w'¥g) = w'¥y and hence that w’ € C(t) N C¥;" = {0}, therefore Z;/ = -+ 4 £ Let us now
consider the identity 21'121 ci :—‘ = %/ We consider a basis l1, ...,  of the Q-vector space generated by cq,...,cy.

Therefore there exist \;, 7 € Q such that ¢; = Z]Lo Aijlj so that

Loy J I o
=2 D UD IR
i=1 j=1 =1 ¢

/

Since a is not constant, 2 has at least a pole tg with a nonzero residue in Z. Calculating the residue at ¢y on
the right hand side we ﬁnd that there exists a non-trivial Q-linear combination of the [;’s which belongs to Z.
This means that we can assume that [; = 1 and that Q is not contained in the Q—Vector space generated by

la,...,l;. In other words, Z =2 l; Zz 1A J * must have a rational residue at each pole, but this cannot happen
because I, ...,l; are linearly independent over Q. We conclude that Zi:l i’j?% =0 forany j =2,...,J, as

well as ZJ o lj ZZ A ,JS = 0. Hence %/ = Zle )\m%, with A;; € Q. Therefore there exists a constant

i1
¢ € C such that a = c]—L 1 (%) € C(t). Since Hz’I:1(t — @;)*1 is an algebraic function, we can
replace z by z = z H{Zl(t —a;) 1. Notice that Z is differentially algebraic over C(t) and satisfies ®(Z) = cZ.
Therefore, Lemma 3.9 implies that z is a constant and, hence, that ¢ = 1. Therefore we have proved that

z= Enle(t — a;)*1 is an algebraic function, as claimed. O

4 Main result (and the algebraic case)

The main purpose of this section is proving the first part of Theorem A, whose statement we recall for the
reader’s convenience:

Theorem A. Let R(t) satisfy assumption (R). We suppose that there exist a,b € C(t), and f € C((t)) such
that f(R(t)) = a(t)f(t)+b(t). Then either f is differentially transcendental over C(t) or there exists a, f € C(t)
such that f' = of + B.

Like Theorem C and Theorem B, thanks to Proposition 2.7, we will deduce the theorem above from an
analogous statement with the extra assumption that ¥ is differentially transcendental:

Idea of the proof of Theorem A. The proof is quite similar to the proofs of Theorem B and Theorem C (see
§3.1). Using the same notation as in §3.1, if ¥ is differentially algebraic over C(t) there exists a rational
function o such that o o 7 is the identity. If we set s :=7(t), g:= foo,a:=aoo and 8 =bo o, we find that
g(s?) = a(s)g(s) + B(s), with a(s), B(s) € C(s). We conclude once more applying the known results on Mahler
equations that f is either algebraic or differentially transcendental over C(t). To conclude the proof in this case
we need to show that f satisfies an homogeneous differential equation of order 1 with rational coefficients. We
proceed as we have already done in other proofs, namely we consider the minimal monic polynomial of f over
C(t), so that fV + ZZ o pz( )f* = 0. Applying ® and dividing by a’¥ we obtain:

N-1
0 (af;Vb)N S @R(pi(t))(afa—i— D _ vy (Ns N ¢R(z:v1)> FN1
=0

which is still a minimal monic polynomial. Comparing the coefficients of !, we obtain that ®r(pn, (t)) =
apn—1(t) + Nb, therefore py_1(t) and N f are solution of the same functional equation and py_1 — Nf is a
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solution of ®r(y) = ay. It follows from Theorem C, that there exists a € C(¢t) such that (py_1 — Nf) =
a(pny—1 — N f), which provides a differential equation for f of the claimed form.

Finally, we only need to prove Theorem A under the assumption (D7), i.e., when VU is differentially tran-
scendental over C(t), which is the main purpose of this section. O

4.1 Algebraic setting

In §3, we studied functional equations whose space of solutions is completely determined by a given solution in
C((t)) up to either a multiplicative or an additive constant. This means that the space of solutions is contained
in C((t)), which is a field. Although this is true in many applications, this is a major assumption, since a general
linear iterative functional equation does not have a full set of solutions in a field. In general, the solutions of
®r(y) = ay have no reason to be Laurent series, as we have already seen with the solutions to the equation
Or(y) = R'(t)y. As a matter of fact, they may even not be Puiseux series. However, in order to describe the
differential properties of f we need to grasp some properties of the whole affine space of solutions of functional
equations of the form ®r(y) = ay + b. For this reason we need to construct a K-algebra equipped with an
extension of ®i and 0 in which we can find the solutions that we need. To do so, we will need a series of
results from [HS08|, [Wib12] and [OW15]. The theory is surveyed with similar notation and in view of similar
applications in [BDVR20, §2], therefore we will refer to loc.cit. instead of the original references.

Notation 4.1. To be able to use the results in [BDVR20, §2] we need to enlarge our base field, to ensure
that @ is an isomorphism and hence the existence of an abstract algebra containing “enough” solutions of our
functional equations. We consider the field F of Puiseux series, i.e., the direct limit over p € Z, p > 1, of the
fields of Laurent series in ¢'/P, with the natural inclusions. The field F is the algebraic closure of C((t)). We call
K the algebraic closure of C(¢) in F and we fix a nonzero element R =" ., 7,t"/? € K. Since we can always

consider a variable change s = t'/?, without changing the nature of our functional equation and the differential
properties of the solutions, we will suppose that R € KNCJ[t]]: this simplifies the presentation slightly since we
won’t have to derive ¢t'/? with respect to ¢t and therefore to carry some rational coefficients in the calculation.
Hence we suppose that R = ) ., r,t" € K. Let d be the order of zero of R at 0, so that d is the smallest
integer such that r4 # 0. Fixing a compatible system of roots of R in F, we can extend ®x to an automorphism
of F: Indeed R admits a compositional inverse in F even if d > 1. Lemma 3.3 implies that F®# = C, since for
any f € F such that ®(f) = f there exists a variable change of the form 5 = ¢'/?, so that both f and R are
in C((3)). Notice that the chain rule ®r(f)’ = ®r(f')R’ still holds for any f € F.

Existence of U. As before, we are interested in the functional equation y(R(t)) = R'(t)y(t). We start by
showing the existence of a solution ¥, which is a well-known fact:

Lemma 4.2. Let R € KN tCJ[[t]]. The functional equation ®r(y) = Wy always admits a solution in C[[t]],
which is uniquely determined up to a multiplicative constant.

Proof. If d > 1, ie., 711 = -++ = r4—1 = 0, it follows from Bottcher’s Theorem (See [Rit20, §II] or [KCG90,

§8.3A]) that there exists 7(t) € t + t2C[[t]], such that 7(R(t)) = 7(¢)?. Taking the logarithmic derivative, we
see that ¢ := :,((tt)) verifies the functional equation y(R(t)) = RTU’)y(t).

We consider now the case d = 1, i.e. 1 # 0. It follows from the functional equation y(R(t)) = R'(t)y(t)
that, if solution 1 = > - 9nt" € C[[t]] exists, then:

> (Z vhoY e "'Tkh> " +1ho = (Z(n —h+ I)Tn—h+1¢h> t" + rito.

n>1 \h=1 ki+---+kp=n n>1 \h=0

As we have already pointed out, if r; is a root of unity, replacing R with a convenient iterate of R, we can
assume that r; is equal to 1. Therefore we have to consider the case: r1 = 1 and r; not a root of unity. If r; is
not a root of unity, then 1)y = 0 and we can choose any constant for ;. Recursively we see that (r* — 1), is
a linear combination of ¢1,...,1,_1. That means that we can determine the coefficients of 1) one by one, and
hence the series .

Let us suppose that r; = 1 and that ry # 0. Identifying the coefficients of each t™ in the expressions above,
we obtain:

Yo = o, for n = 0, which is a tautology;

Y1 = Y1 + 2121, for n = 1, hence ¥y = 0;

Yo + roth1 = Yo + 2ra9hy + 31390, for n = 2, hence 1 = 0;

W3 + 2r1rote + 13y = 3 + 2roths + 3r3y + 4rsypg, for n = 3, hence Y5 can be any constant;
and we keep solving inductively the system. If ro = ..., 7, = 0, with m > 2, the calculation is similar and it is
developed in full details, for instance, in [KCG90, §8.5A]. O
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In what follows we call F the field obtained in the following way: If r; # 0 then F = F, while F := F(logt)
if 11 = 0. Notice that F(logt) can be defined as C((¢))(logt) in Lemma 2.5, looking at the elements of F
convergent in a punctured disk as Laurent series in some t1/P as meromorphic functions on the Riemann surface
of the logarithm. We have F®r = C, thanks to the same theorems cited in the proof of Lemma 2.5. The
notation F mirrors the fact that we have constructed IF in the same way as F, apart that we have replaced C((t))
with its algebraic closure. The same remark applies to K. Notice that they are both obtaining adjoining the
solution W, constructed in the next corollary, and all its derivatives to F and K, respectively.

Corollary 4.3. The functional equation ®r(y) = R'y admits a solution ¥ € F. Moreover ¥ satisfies the system

of functional equations described in Lemma 2.11 and the derivation 0 := \II% verifies Prod = 0o Pg.

Proof. If r1 # 0, i.e. d =1, then we set ¥ = ). Otherwise, in the notation of the proof of the lemma above,
we have ¥ = ¢ logT = 5 log 7 € F. The proofs of Lemma 2.11 and Lemma 3.5 are a formal consequence of the
chain rule, therefore they apply also to the present situation. O

We make the following assumptions:

We fix a nonzero R € K N tC|[[t]], such that no iteration of R is equal to the
(DT aig) identity. We suppose that ¥ € F is differentially transcendental over K with

respect to %.

Notice that K/C(¢) is an algebraic extension, therefore it is a differentially algebraic extension. It follows from
Lemma 2.2 that being differentially transcendental over K is equivalent to being differentially transcendental
over C(t).

For further reference we prove the following rationality result, which generalizes Proposition 3.2:

Lemma 4.4. Under the assumptions (DT q4), if a functional equation ®r(y) = ay + b, with a, R,b € C(t) and
a,b # 0, has an algebraic solution f € K, but the associated homogenous equation ®r(y) = ay has no nonzero
algebraic solutions, then f is actually a rational function.

Remark 4.5. Let R € C(t). Then ®r(y) = t, has the inverse of R as solution, which in general is not rational.
This shows that the assumption a # 0 is necessary.

Proof. We use once more a classical trick: Let Zio pi(t)ft =0, with p;(t) € C(t) and py = 1, be the minimal
monic polynomial for an algebraic solution f of ®r(y) = ay+b. Applying @5 to Zi\;o pi(t)f* = 0 and dividing
by a®, we obtain

N
0= (a)_NZ(bR(pi) (af +b)" = fN + (1\%4—@5(@\]_1)) N
i=0

which is also a minimal monic polynomial for f. It follows that
Qr(pn-1) = apn-1 — Nb,

hence N~1py_1 € C(t) and f are solution of the same functional equation. If f £ N~'py_q, then f—N~"lpy_;
is an algebraic solutions of ®z(y) = ay, contradicting the assumptions. Therefore f = N=lpy_1, ie., fis a
rational function. O

4.2 The particular cases a =1 and b =0

We are going to start from the following partial result:

Proposition 4.6. Under the assumptions (DT,14), we suppose that there exists b € K and f € F such that
f(R)=f+0b. Then f is either differentially transcendental over C(t) or the derivative f' of f is an algebraic
function, i.c., f' € K.

Proof. If b= 0, then f is a constant and there is nothing to prove. Therefore we suppose that b # 0 and hence
that f is nonconstant, i.e., f’ # 0. Notice that if f is differentially algebraic over K, then f is differentially
algebraic over K, with respect to 9. Moreover ®g(f )R = '+ V.

It follows from Proposition 3.6 (applied to the field extension F/]K) that there exist a non-negative integer
n, Ao, ... Ap € C, not all zero, and g € K such that:

(4.1) > N =g
1=0
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We can suppose without loss of generality that A\, # 0. If n = 0, we have f = )\%, therefore f € K. By

assumption, ]K/ K is a purely differentially transcendental extension and f is differentially algebraic over K,
hence we conclude that f € LN K =K (see Lemma 2.2) . This proves the proposition for n = 0, hence we
suppose from now on that n > 1.

Let L be the differentially algebraic extension of K generated by f and its derivatives. By Lemma 2.2, ¥ is
differentially transcendental over L. Lemma 3.8 implies that

gERN A f U510, + L[Wo,..., 0, ).

o)

BT and

Since the W;’s are algebraically independent both on K and L, we can consider the partial derivatives

B‘I!Ln_l defined over K and apply them to g. We obtain:

et (o) () 0 <R

Since A, # 0, we have proved that f’ is both differentially algebraic over K and belongs to K. We conclude
thanks to Lemma 2.2 that f’ € K. O

Now we consider the case b = 0. As we have already pointed out in the introduction, we need consider
solutions of the functional equation ®g(y) = ay in a general K-algebra. The reason for showing such a general
statement is that Theorem A provides a solution f for ®r(y) = ay + b by assumption, but one has to construct
some abstract auxiliary solutions of the associated homogeneous equation and recover the whole space of solution,
to be able to study the nature of f itself.

Thanks to [Wib12, Theorem, page 164] (see also [BDVR20, Proposition 23]), we know that for a given

functional equation ®z(y) = ay there exists a K-algebra F' such that:

1. F comes equipped with an extension of ®g, such that F®® = C, and an

extension of %, respecting the commutation % odgr = R'(t)Pgro %;
(F) 2. there exists a nonzero solution z € F of ®r(y) = ay such that F is

generated over K by z,z~! and all the derivatives of z;

3. F has no nilpotent elements and any element which is not invertible is
a zero divisor.

In this case we have:

Proposition 4.7. Under the assumptions (DTqy), let a € K and let F be a ]K-algebm satisfying (F). Then

either z is differentially transcendental over C(t), with respect to %, or z;/ is algebraic over C(t), i.e., = € K.
We need to prove a generalization of Lemma 3.9, which has a very similar proof to the lemma below:

Lemma 4.8. Under the assumptions of Proposition 4.7, let a € C, a # 0, and F be a ]K—algebm satisfying the
assumption (F). Then either a =1 and z € C or z is differentially transcendental over C(t) and there exists a
nonzero ¢ € C such that % =3

Proof. For a = 1 the statement is trivial, so let us suppose that a # 1. Since ®r(z) = az, we also have
Pr(V2') = a(Pz2'). As F®r = C, there exists ¢ € C such that ¥z’ = cz. By contradiction, if z is differentially
algebraic over C(t), then %/ = c¢¥~! € K is also differentially algebraic over C(t). By assumption, ¥ is
differentially transcendental over C(t), hence we deduce that ¢ = 0 and that z is a constant, in contradiction
with the fact that a # 1. We conclude that z is differentially transcendental over C(). O

Proof of Proposition 4.7. If a = 1 (resp. a = 0), then z € C C C(t) (resp. z = 0 € C(t)). Moreover, if
a € C\ {0,1} then z is differentially transcendental over C(t), by Lemma 4.8. Therefore let us suppose that a is
not a constant and that z is differentially algebraic over K (or equivalently over C(¢), since K is the algebraic
closure of C(¢)) and prove that %/ € K. By taking the logarithmic derivative of ®g(z) = az we find that

/ / /
dp (82) = o= + @, or equivalently that ®g (Z) R(t) = 242
z z a z z  a

We point out that %/ = 0, hence Z;/ # 0. The proof follows the structure of the proof of Theorem E, apart

from the fact we cannot apply Proposition 3.6 since F' is not a field. We will apply [BDVR20, Proposition 28]
instead, which is a similar statement.
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It follows from [BDVR20, Proposition 28|, that there exist an integer n > 0, Ag,..., A, € C, not all zero,
and g € K such that:

(4.2) )\0%+-~-+/\n8” (%)zgeﬂi.

We can suppose that A, # 0. If n = 0 then Z;/ = ﬁ, therefore ﬁ cKis differentially algebraic over C(t).

Since ]K/ K is a purely differentially transcendental extension, we conclude that ﬁ € K, and hence %/ e K.
Let us consider the case n > 1. Let L be the differentially algebraic extension of K generated by z and all
its derivatives. Then % = U € Yo L. One proves recursively that 0" (%) € =WgVv, + L[V, ..., ¥, 4],

since on one hand we have:
) AN / AN
P <Z> -, (\IIOZ> — 2w, + (z> w2,
z z z z

and on the other hand, as in Lemma 3.8, we have:

!/ !

! / I
) (zwgwn> = 20, + SR, + <Z> oy,
z z z z

Since g € KN (%/\I/gllln + L[Py,...,¥,_1]), we conclude that Z;, € K, applying %%%ﬂ, reasoning as we
have done several time before. O]

4.3 A key result of parameterized Galois theory

In this section, using the theory developed in [HS08], to prove the main ingredient of Theorem A. This is the
only section of the paper where we actively use some Galois theory. For a short survey on of parameterized
Galois theory the reader can also see [DV12].

Let (C,0) be a differential closure of C (the latter being equipped with the trivial derivation). This implies
that (see, for instance [Wo098, Definition 1.7 and Theorem 2.2]):

1. any differential equation with coefficients in C that has a solution in a C-algebra, already has a solution
in C

2. the field C is a differentially algebraic extension of C;
3. the subfield of constants of C' is C.

For the reader which is not familiar with the notion of differential closure, the list of property above should be
enough to reason by analogy with the notion of algebraic closure, although the differential closure is a much
more subtle objet and the analogy should be handled be some precautions. The necessity of introducing such
a huge and mysterious field will become clear in a few lines.

We want to extend the scalars from C to C, which we can do thanks to the following lemma:

Lemma 4.9. Let L be one of the fields C(t), K, ]K, F orF. Then L ®¢ C is a domain.
Proof. See [Aut23, Tag 0OFWF] or the equivalent geometric formulation [GW10, Proposition 5.51]. O

For any choice of L we can consider the field of fractions of L ®¢ C'. Extending intuitively the Notation 4.1,
we obtain the following fields: B B
CcCt)cKeg CcKe CFe CFe.

For instance, ﬁc is the field of fraction of F @¢ C. The map ®p acts naturally on all such fields and the fields of
® p-invariant elements is C for each one of them. Notice that K¢ is contained in the algebraic closure of C(t)
and F¢ is contained in the field of Puiseux series in ¢ with coefficients in C.

We have supposed that ¥ is differentially transcendental over K. Since C is differentially algebraic over C,
we conclude that K¢ is differentially algebraic over K and, hence, that W is differentially transcendental over
K¢, by Lemma 2.2.

Let us consider a functional equation of the form

(4.3 e = (5 )7

with a,b € K¢. There exists a Ko-algebra R (see [HS08, Definition 2.3]) such that:
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1. R comes equipped with an extension of ®i and an extension of 0, respecting the commutation: ®po0d =
0o (I)R;

2. there exists a nonzero solution Z € GLy(R) such that (each column of) Z is a solution of (4.3) and R is
generated over K, as a ring, by Z and all its derivatives with respect to 9 and det Z~!;

3. R has no nontrivial ideals which are invariant by both 9 and ®x.

0 1
and R is unique up to an 1somorphlsm of KC algebras, commuting with 0 and ®g. See [HS08, Proposition 2.4].

Notice that Z can be chosen of the form <w f>, with ®g(w) = aw and ®r(f) = af +b. Moreover, R** = C

The group G := Aut? ‘bR(fR ]Kc) of the automorphisms of R as a K- algebra, commuting to 0 and ®g, is
the parameterized Galois group of (4.3). It acts on Z respecting the functional equations satisfied by its entries,

therefore for any ¢ € G we have:
_ g (c do

with ¢y,dy € C, so that ¢(w) = cyw and ¢(f) = f + dyw. An important property of G is that it can be
identified to a subgroup of GL2(C) “defined by differential equations”. Roughly, ¢4 and dg are solutions of a set
of differential equations that are compatible with the multiplication of matrices. See [HS08, Theorem 2.6]. Such
a description of the parameterized Galois group explains the need to extend the constants to a differentially
closed field: if C is not differentially closed we are not sure to be able to find ¢4 and dg, and therefore an
automorphism of R over ]KC, commuting with 9 and ®g, and different from the identity automorphism. Its
existence is a key point of the proof of Proposition 4.10 below.

Let F be the total ring of fractions of R, so that any ¢ € G extends to an isomorphism of F. Then the
elements of F' have following important properties: the g € F has the property that ¢(g) = g for all ¢ € G if
and only if g € Kc. See [HS08, Theorem 2.7]. Two other (independent) facts play a crucial role in the proof
below. First of all, the algebra F' satisfies the third assumption of (F). Secondly, ¥, € Kc for any n > 0,
therefore ¢(¥ ) = U, for any ¢ in G. It follows that ¢ commutes not only with 0 = \IIO% and all its iterations,
but also with 4 and all its higher order derivatives. Namely we have ¢(g') = ¢(g)’ for any g € F.

dt
We are now ready to prove the main statement of this subsection:

Proposition 4.10. Let us consider an equation of the form ®r(y) = ay + b, with a,b € K, such that a # 0,1
and b # 0. Let f € F\ K satisfy the equation Pr(f) = af +b. If [ is differentially algebraic over K, then
D r(y) = ay has a solution z in a convenient K-algebra, such that %/ e K.

Proof. Notice that K C K¢, K C I[NQC and F C ﬁ‘c. By assumption, f € F \ K. In particular, we know that
f does not belong to K and we want to show that f does not belong to K¢ either. Let us suppose towards a
contradiction that f € K¢, i.e., that there exists a polynomial P in 2 variables and with coefficients in C' such
that

P(t, f)=0.

The polynomial P cannot have all its coefficients in C, because f ¢ K, by assumption. Moreover, the polynomial
P has a finite number of coefficients, therefore they generate a finite dimensional C-vector space, contained in
C. Let p1,...,pr € C be a C-basis of such a vector space. Then we can rewrite P as P = Y., p;P;, where
each P; is a polynomial in 2 variable with coefficients in C, so that:

Once more we must have P;(t, f) # 0, for any ¢« = 1,...,7. Since f is a Puiseux series with coefficients in
C, any P;(t, f) is also a nonzero Puiseux series with coefficients in C. Therefore, we can develop the equation
above according to the fractional powers of ¢ involved and find at least one nontrivial C-linear combination

of p1,...,pr equal to 0, which contradicts the construction of the p;’s. So f & K¢. Moreover, since f is
differentially algebraic over K¢, and K¢ is purely differentially transcendental over K¢, we also conclude that
I ¢ Ke.

Now we are getting to the core of the proof. By [HS08, Proposition 6.17] or [Wib12, Theorem, page 164],
there exists an Fc—algebra, satisfying (F). Since such a ring also contains f, applying [HS08, Proposition 6.17]
again, one shows that it contains a copy of the ring R introduced above, which is unique up to a isomorphism
commuting with & and 0. _ B

Let G be the Galois group of ®r(y) = ay + b over K¢, that we have described above. Since f ¢ Kc, there
exists ¢ € G such that ¢(f) # f. By assumption, f is differentially algebraic over K with respect to %, hence
there exists an integer N > 0 such that the differential equation satisfied by f can be written in the form:

QU f\. . f V) =
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where @ is a polynomial in IV 4 1 indeterminates with coefficients in K. Applying ¢ to the equation above
we find that ¢(f) is also differentially algebraic over K, and actually satisfies the same differential equation
Q(o(f), 0(f),...,6(f)M)) = 0. It follows that z := f — ¢(f), which is a nonzero solution of ®r(y) = ay,
is differentially algebraic over K. Therefore, we have proved that there exists a K—algebra satisfying (F) and
containing a differentially algebraic solution z of ®g(y) = ay. It follows from Proposition 4.7 that Z;/ € K. This
ends the proof. O

The following corollary is simply a rephrasing of Proposition 4.10:

Corollary 4.11. We assume (DT a4). Let us consider an equation of the form ®g(y) = ay + b, with a,b € K.

Let f € F satisfy the equation ®r(f) = af +b. If the functional equation ®r(y)R' =y + % does not have any
algebraic solution, then either f € K or f is either differentially transcendental over K.

Proof. If a = 0 = b, then f = 0 € K. If a = 0, but b # 0, then ®x(f) = b, hence f = ®;'(b) € K.

Finally, if b = 0, but a # 0, then f is differentially transcendental by Proposition 4.7, since fT is a solution of

Pr(y)R =y + %,, which has no algebraic solution. So we can suppose that both a and b are nonzero.

Let us suppose that f is not algebraic and show that f is necessarily differentially transcendental over K.
If, by contradiction, f ¢ K is differentially algebraic over K, then f ¢ K: Indeed, K/K is a purely differentially
transcendental extension and it is enough to apply Lemma 2.2. It follows from Proposition 4.10 that there must
exist a solution of ®r(y) = ay whose logarithmic derivative is algebraic, in contradiction with the assumption
that ®r(y)R' =y + %/ does not have any algebraic solution. Therefore f is differentially transcendental over
K and we have proved the corollary. O

4.4 End of proof of Theorem A

Applying Lemma 4.4 both to ®r(y) = ay + b and Pr(y)R' =y + %/7 we can restate Corollary 4.11 as follows:

Corollary 4.12. We assume that R satisfies (R). Let us consider an equation of the form ®r(y) = ay + b,
with R,a,b € C(t) and a,b # 0. Let f € T satisfy the equation ®r(f) = af +b. If the functional equation

Or(y)R =y+ % does not have any rational solution, then either f € C(t) or f is differentially transcendental
over C(t).

Proof. Because of the previous remark, the statement hold under the assumption (DT). If ¥ is differentially
algebraic, this is the aforementioned statement on Mahler equation. O

Notice that, thanks to Theorem C, the corollary above is nothing else then Theorem D, mentioned in the
introduction. We are finally ready to complete the proof of Theorem A. We can work under the assumption
(DT), since the case where ¥ is differentially algebraic has been already discussed at the beginning of this
section. We summarize the situations in which assuming (D7) we have already proved Theorem A:

1. If @ = 0, the functional equation ®r(y) = b has an algebraic solution, while if b = 0, we have already
proved the statement in Theorem F.

2. If all the nonzero solutions of ®r(y) = ay are differentially transcendental over C(t), i.e. Pr(y)R = y+ %/
does not have any rational solution, then we have prove the theorem in Corollary 4.12.

3. If ®r(y) = ay has a rational solution z, then we apply Theorem E to the solution g of the functional
equation Pr(y) = y+ a%. Therefore we have proved the theorem in this case, too. This covers in particular
the case a = 1.

We need to show the statement under the assumption that ®r(y) = ay has a nonzero differentially algebraic
solution, which is not rational. We have seen in Theorem F that in this case z € K and a := Z;/ € C(t). The

quotient % is solution of the functional equation with algebraic coefficients ®(y) = y + -, therefore we know

by Proposition 4.6 that "
/ ;o
<f> A

z z

We set 8 := f/ — «f, which belongs to K, because z does. Since

(G- (2)-2[C) )

one obtain by a direct calculation that ®r(8) = £;8+a {(%)/ — aﬂ. If (3)/ = a%, then z and g coincide up

a

to a multiplicative constant, hence z € C(t), against the assumption. Therefore a [( b)/ — ag] # 0. Notice that
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s # 0, by assumption. By Lemma 4.4, if we show that the functional equation ®r(y) = %y does not have
any nonzero algebraic solution, we can conclude that 8 € C(t), which would complete the proof of the theorem.
Let us suppose by contradiction that there exists w € K, w # 0, such that ®r(w) = grw. Since Pr(¥) = R'¥,
we conclude that ®p(w¥) = awW. Therefore there exists ¢ € C such that z = cwW¥, which implies that z is
differentially trascendental, against the assumption. We have obtained a contradiction, hence ®r(y) = &y
does not have any nonzero algebraic solution.
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