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Emmanuel Paul, Françoise Richard-Jung and Jean Thomann
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A new paradigm

I propose a new paradigm for the spectral theory of ODEs
with analytic coefficients (in the complex domain).

The classical approach is for real operators and is based on
Hilbert spaces and linear operators (non necessarily boun-
ded). To the data of the operator one adds external data:
(two points and) two boundary conditions.

My approach is based on analytic continuation in the
complex domain, and k-summability of divergent series,
otherwise speaking on wild monodromy.

My analytic spectra are intrinsic, the data of the two points
and of the boundary conditions are “contained in the equa-
tion”. I recently discovered that this concept was clearly
formulated by Erwin Schrödinger, nearly a century ago, in a
letter dated of 27 december, 1925, in relation with the hy-
drogen spectrum.
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The analytic spectra are compatible with some “natural
transformations” of ODEs as s-homotopic transformations
and gauge transformations.

There are strong relations with special functions theory and
the spectra appearing in natural sciences are very often
analytic spectra. There are numerous examples in quantum
chemistry and in black holes theory. Our formulation already
appeared in some examples, ’between the lines’ or explicitely.

The basic idea of the new spectral theory is very simple and
natural when one has the good tools. Some are relatively
recent.
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Classically a spectrum (for a one dimensional problem) is
given by a real linear second order differential equation and
some external data:

▶ two distinct points in R ∪ {±∞} defining an interval;

▶ a boundary condition at each point.

An elementary example is given by standing waves on a string.
When two ends are fixed, the spectrum is indexed by N∗.
Model: y ′′ + λy = 0, y(0) = y(1) = 0, λ = (nπ)2, n ∈ N∗.

In general, there are several possible boundary conditions.
An example is to ask that the eigenfunctions are bounded on
the interval defined by the two points. In this case, I will
speak of naive spectrum.



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

Classically a spectrum (for a one dimensional problem) is
given by a real linear second order differential equation and
some external data:

▶ two distinct points in R ∪ {±∞} defining an interval;

▶ a boundary condition at each point.

An elementary example is given by standing waves on a string.
When two ends are fixed, the spectrum is indexed by N∗.
Model: y ′′ + λy = 0, y(0) = y(1) = 0, λ = (nπ)2, n ∈ N∗.

In general, there are several possible boundary conditions.
An example is to ask that the eigenfunctions are bounded on
the interval defined by the two points. In this case, I will
speak of naive spectrum.



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

Classically a spectrum (for a one dimensional problem) is
given by a real linear second order differential equation and
some external data:

▶ two distinct points in R ∪ {±∞} defining an interval;

▶ a boundary condition at each point.

An elementary example is given by standing waves on a string.
When two ends are fixed, the spectrum is indexed by N∗.
Model: y ′′ + λy = 0, y(0) = y(1) = 0, λ = (nπ)2, n ∈ N∗.

In general, there are several possible boundary conditions.
An example is to ask that the eigenfunctions are bounded on
the interval defined by the two points. In this case, I will
speak of naive spectrum.



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

Sturm-Liouville theory

I consider operators of the form D = − d
dx

(
p d
dx

)
+ q + λ.

I first consider the case of a segment and for simplicity I suppose

that it is [0, 1]. I suppose that p, q are real and C1 on [0, 1].

Regular case. We suppose p ̸= 0 on [0, 1]. We put an
homogeneous linear condition on the local solutions at each
extremity (vanishing of a linear form on the values of the function
and of its derivative). Equivalently we choose a line of solutions at
each extremity.
With such boundary conditions we have the Lagrange identity∫ 1

0
((Du)v − u(Dv)) = 0.

We can interpret D as a self-adjoint operator on a Hilbert space

and we have the spectral theorem. The eigenvalues are real and

non degenerated and form an infinite sequence:

λ0 < λ1 < . . . < λn < . . .

The eigenfunctions form an orthogonal system.
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Sturm-Liouville theory

Singular case

Possible singularities at the endpoints of the interval ]a, b[, now
allowed to be infinite or semi-infinite.

If p ̸= 0 on ]a, b[ but vanishes at one extremity, or if a = −∞ or if

b = +∞, we are in the singular case and the problem is (a lot)

more difficult. This case was studied by Hermann Weyl in his

dissertation in 1910 (under the direction of David Hilbert). He

introduced the alternative LC (limit circle) vs LP (limit point).

Later von Neumann introduced an approach based on
unbounded linear operators in Hilbert spaces.

In applications we are most often in the singular case and
the study of the spectrum can be difficult.
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Intrinsic spectra
I limit myself to linear second order operators D which are analytic
(or meromorphic) on an open subset of the Riemann sphere and
mainly to rational operators: D ∈ C(x)[d/dx ]. Even if D is real, I
consider the solutions in the complex domain.

In a lot of “interesting” applications in mathematics or in natural

sciences, we can do the two following observations on the spectral

problems:

1. the two extremities are singular points of the operator;
2. the boundary conditions can be defined using only the

operator.
2. can be difficult to verify !

I recently discovered that, as he explained in a letter dated de-
cember 27, 1925, Erwin Schrödinger did such observations for the
radial equation of the hydrogen (relativistic case). The extremities
are 0 (regular singular) and infinity (irregular) and:

... “with remarkable boundary conditions that the equation

’carries within itself’ [in sich trägt] and that are not externally

predetermined. ...”
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Special solutions and analytic spectra
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From special solutions to analytic spectra

Around 2020, Martin Klimes, Emmanuel Paul and J.P. R.
(KPR), in a study of the linearized equations of Painlevé VI
and Painlevé V equations, introduced a notion of special
solution attached to the data of two singular points, with
marked directions, and a simple continuous paths joining
them, a 2-points connection problem.

Such a solution has
the remarkable (characteristic) property that its image by
the (wild) Riemann-Hilbert map belongs to a line of the
corresponding (wild) character variety, interpreted an affine
cubic surface (possibely singular). This property extends to
all the Painlevé equations (E. Paul-J.P. R., unpublished).

Taking into account the two previous observations, I got the
(simple and natural) idea to define a new notion of spectrum
based on the notion of special solution. I called analytic the
corresponding spectra. Such spectra are by construction
intrinsic spectra.
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Local special solutions

We define local special solutions at a singular point a.
We fix a direction d ∈ S1 at the point a and we consider the
two dimensional space Sol(a,d)D of sectorial solutions at a on
(germs of) sectors bisected by d . There is also a “similar”
space of formal solutions.

▶ At a regular-singular point a special line of solutions is an
eigenline of the local monodromy around a (two, one or all
according to the cases).

▶ At an irregular point a special line of formal solutions is an
eigenline of the exponential torus, that is a line of “purely
exponential solutions” (two lines). A special line of sectorial
solutions corresponds by summation in the direction d (one
or two lines).

In the irregular case, if the formal monodromy is not scalar, then a

distinguished line of solutions is an eigenline of the formal mono-

dromy. An important example of local special solution is a (non

trivial) subdominant solution.
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or two lines).

In the irregular case, if the formal monodromy is not scalar, then a

distinguished line of solutions is an eigenline of the formal mono-

dromy. An important example of local special solution is a (non

trivial) subdominant solution.
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Pure waves and local special solutions

In some applications, under some analyticity hypothesis, the
formal eigenlines of the exponential torus correspond to
“formal pure wave solutions” (“purely exponential”
solutions). But the notion of ‘actual pure wave solution” is
more delicate.

A rigorous formulation is based on the
possibility of summation of a formal solution. In the
oscillating case (as the positive energy case in the
Schrödinger equation), the two formal pure waves solutions
are summable. It can happen (as in the negative energy case
in the Schrödinger equation) that only the subdominant
formal pure wave solution is summable.
In the applied litterature the difficulty is generally skipped
and it can be a source of confusion. There are remarkable
exceptions and some physicists gave a variant of our des-
cription.

When they are defined the pure waves are local special
solutions in our sense.
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Special solutions

Let U ⊂ P1(C) be an open subset. We denote byM(U) its field
of meromorphic functions. Let D ∈M(U)[d/dx ]. A special
solution f is the data of:

▶ two marked singular points (x1, d1), (x2, d2) ∈ U × S1;

▶ a continuous simple path γ joining them “in” the regular
subset of U (its image can be a circular arc or not);

▶ two local special sectorial solutions respectively at (x1, d1)
and (x2, d2);

▶ a solution f connecting them along γ.

Special solutions appear in the theory of special functions, as:

▶ classical orthogonal polynomials (Jacobi, generalised
Laguerre, Hermite); Qy ′′ + Ly ′ − λy = 0, where L is linear
and Q is quadratic;

▶ Heun functions, confluent Heun functions, in particular
spheroidal functions.
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Special solutions

In 1975 in his “redbook” Yasutaka Sibuya studied the Schrödinger

equations with a polynomial potential. He considered some

solutions defined by an entire function connecting two

subdominant solutions in two non consecutive stokes sectors. Such

solutions are special solutions. it is a generalisation of the Hermite

case (quadratic potential).

Special solutions solutions appear also in physical sciences.

▶ Quantum chemistry: angular and radial equations of the hy-
drogen atom (in several systems of coordinates), hydrogen
molecular ion H+

2 (an electon orbiting around two protons).

▶ Schrödinger equation with a reflectionless potential;

▶ Linearized perturbations of black holes: Quasi Normal Mo-
des, algebraically special solutions, Total Transmission Mo-
des.
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Three-points connections and 3-special solution

In a 2-point connection, we can replace the path by a
connected and simply connected open subset U of the
Riemann sphere whose boundary U is homeomorphic to S1

and contains the two points.

We can define similarly a 3-points connection and extends
the notion of special solution to this case, defining 3-special
solutions. In the case of Heun and confluent Heun equation,
a solution is a 3-special solution if and only if it is a
generalised polynomial. It is a new result in the confluent
case.
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Analytic spectrum

Let D ∈M(U)[d/dx ]. We consider the spectral problem
Dy = µy , µ ∈ C. The operator D can depend algebraically of
some “natural parameters” as:

▶ exponents, coefficients of exponential exponents, position of
singularities, auxiliary parameters.

We define an analytic spectrum from the following data:

▶ two marked singular points (x1, d1), (x2, d2) ∈ U × S1;

▶ a continuous simple path γ joining (x1, d1) to (x2, d2) “in” U;

▶ two special lines of sectorial solutions respectively at (x1, d1)
and (x2, d2).

By definition, µ ∈ C is an eigenvalue if the operator D − µ admits

a special solution that we call a corresponding eigenfunction.

Heuristic: under some “mild conditions” the analytic spectra

“depends analytically” of the “natural parameters”.
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Generically, at a regular singular point we can select a line of
special solutions using an exponent. It is equivalent to our
definition.

I skip some difficulties when the monodromy at a regular
singular point is scalar and when there is no logarithm in the
formal solutions. In this case all the lines of local solutions
are special. However it is possible to select a distinguished
line of solutions using one of the exponents. (The largest in
the case of an apparent singularity.)
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General formulation
In several important physical applications, the “good spec-
tral parameter” is not the “naive” one. Moreover D − µ is
not invariant by multiplication by an invertible h ∈ C(x) and
by several useful transformations as pull-backs. Therefore,
we extend our definition of analytic spectrum, replacing
D − µ by D(µ), where D(µ) depends rationally (or more
generally analytically) on µ ∈ C.

In the case of D − µ, the exponents does not depends on µ. The
general formulation allows exponents depending on µ. Notice that
D − µ can be the pull-back by an analytic map of an operator
D1(µ) such that the exponents of D1(µ) depends on µ ∈ C.
An interesting example is the Schrödinger equation defined by the
(Darboux-)Pöschl-Teller-Rosen-Morse potential

V (x) = − ℓ(ℓ+1)
cosh2 x

.

(A reflectionless equation whose solutions are KdV solitons.)

The Schrödinger operator D − µ = − d2

dx2 + V − µ is the pull-back

by z = tanh x of an hypergeometric operator (an associated Le-

gendre operator) whose exponents depends on µ.
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Invariance properties
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s-homotopic transformations

For simplicity I consider only the rational case.

Let D ∈ C(x)[d/dx ]. Let g such that g ′/g = θ ∈ C(x). We
suppose that the poles of θ on P1(C) are singular points of
D. Then D 7→ D [g ] = Dθ = g−1Dg is the transform of D by
the s-homotopic transformation defined by g (or equivalently
by the differential equation of order one y ′ − θy = 0).

A convenient s-homotopic transformation can be used to
shift the exponents or the exponential exponents.

An s-homotopic transformation can be interpreted as a
tensor product by an equation of order one:

D [g ] = (d/dx − θ)⊗ D.

If the function g defines an s-homotopic transformation,
then the notion of special solution is invariant by multipli-
cation by g−1, therefore an analytic spectrum is invariant by
a s-homotopic transformation. It is evidently false (in gene-
ral) for a classical spectrum.
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Gauge transformations of differential equations
For simplicity I consider only the rational case.

One can define a notion of (rational) gauge transformation of
D ∈ C(x)[d/dx ] using companion systems and gauge trans-
formation of systems.

Gauge transformations of equations can be interpreted using the

Ore ring D = C(x)[d/dx ]: if D,A ∈ D, A ̸= 0 and if D and A are

right relatively prime, then one defines the transformed of D by A:

TA(D) = LLCM(A,D)A−1.

We denote (as Ore) TA(D) = ADA−1.

For D of order two, gauge equivalences of ODEs are also equi-

valent to transformations introduced by Darboux in 1882 (adding

an invertibility condition). The Darboux transformations in today

sense are a subclass.

An analytic spectra is “nearly invariant” by a rational gauge

transformation. A finite set of eigenvalues can disappear. If D and

A are (right) relatively prime, then A(D − λI )A−1 = ADA−1 − λI
if D − λI and A are right relatively prime.
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Spectral determinants
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Spectral determinants
A spectral determinant F for a spectrum is an entire func-
tion of the spectral parameter such that the spectrum is the
set of its zeros. We suppose a priori nothing about the
multiplicities.

It is possible to get a spectral determinant for any spectrum
using an Hadamard product but we cannot in general do
that with parameters.
Using analytic continuation and k-sums we can define
“natural spectral determinants” for an analytic spectrum.
Under mild hypothesis such spectral determinants depends
analytically on “natural parameters”. The multiplicities of
the zeros can increase for some exceptional values of the
parameters. There are interesting phenomena “in Bender-
Wu style” if one considers the eigenvalues “up to analytic
continuation in a parameter space”.

It is also possible to use the definition of such natural
spectral determinants to calculate numerically the eigen-
values by an “analytic matching”.
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WHAT HAPPENED IN AROSA IN 1925

DURING CHRISTMAS VACATIONS ?

Discovery of the Schrödinger equation
and of its application to the energy levels of the hydrogen atom

Emergence of the concept of intrinsic spectrum,
a point which was apparently unnoticed.
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Figure: Erwin Schrödinger
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Schrödinger spent Chistmas holidays of 1923 and 1924 with
his wife Annemarie in Arosa (a mountain resort) in the Villa
Frisia. But in december 1925 “His marriage with Anny was
at a high point of disagreement and tension, with constant
talk of breakup and divorce” (cf. Walter Moore). Annemarie
had an affair with Hermann Weyl and Schrödinger had seve-
ral mistresses.

Therefore in 1925 Annemarie decided to stay
in Zurich during Christmas vacations and Erwin to go to
Arosa in the Villa Frisia, but not alone ... ”Erwin wrote to
‘an old girlfriend in Vienna’ to join him in Arosa, while Anny
remained in Zürich. Efforts to establish the identity of this
woman have so far been unsuccessful, since Erwin’s personal
diary for 1925 has disappeared” (cf. Walter Moore).
According to Hermann Weyl, the mysterious lady of Arosa
was the catalyst for the discovery by Schrödinger of the
equation that bears his name: “Hermann Weyl once said
that Schrödinger ‘did his great work during a late erotic
outburst in his life’.” (Cf. Walter Moore.)
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2 KAMAL BARLEY, JOSÉ VEGA-GUZMÁN, ANDREAS RUFFING, AND SERGEI K. SUSLOV

For a sequence of those remarkable events, a direct quote is quite appropriate [25]: “Schrödinger’s
first thought was to attempt to find a wave equation, moving on from de Broglie’s work, that would
describe the behavior of an electron in the simplest atom, hydrogen. He naturally included in his
calculations allowance for the e↵ects described by the special theory of relativity, deriving, probably
early in December 1925, what became known as the relativistic Schrödinger (not hydrogen—our
correction!) equation. Unfortunately, it didn’t work. The predictions of the relativistic equation
did not match up with observations of real atoms. We now know that this is because Schrödinger
did not allow for the quantum spin of the electron, which is hardly surprising, since the idea of spin
had not been introduced into quantum mechanics at that time. But it is particularly worth taking
note of this false start, since it highlights the deep and muddy waters in which quantum physicists
go swimming—for you need to take account of spin, a property usually associated with particles,
in order to derive a wave equation for the electron!3

With the Christmas break coming up, he had an opportunity to get away from Zürich and think
things over in the clean air of Arosa ... [25] .”(See also [39] and [43] for more details4.)

Whereas the honorable historians of science are arguing about the sequence and details of some
events [26], [30], [39], [61], our remarks are dedicated to a somewhat missing, modern mathemat-
ical, part of this story, namely, the discovery of a relativistic (spin-zero) wave equation by Erwin
Schrödinger (and why he did report and publish only the centennial nonrelativistic version for the
hydrogen atom).

Figure 1. The Villa Herwig–Frisia (right), Arosa, where it is believed wave mechan-
ics was discovered during the Christmas holidays 1925–26.

3The concept of electron spin was introduced by G. E. Uhlenbeck and S. Goudsmit in a letter published in Die
Naturwissenschaften; the issue of 20 November 1925; see [35] for more details.

4Arosa, an Alpine Kurort at about 1800 m altitude, not far from ski-resort Davos, and overlooked by the great peak
of the Weisshorn. For a related video, see: https://www.news.uzh.ch/en/articles/2017/Schroedinger.html . Here,
among other things, a female physicist meets the grandson of Dr. Herwig and he shows the entry of the payment in
a guest book, done by Schrödinger.

Tankar
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The Janus face of Erwin Schrödinger
Posted by Per Östborn Sun, April 01, 2018 20:21:31

Schrödinger looked into the future and the past at the same time, just like Janus. He
opened the door to modern physics, and then tried to close it. He wanted to return to the
secure world of classical physics at the same time as he dismissed as childishly naïve the
materialistic world view at its core.

The story about Erwin Schrödinger is often told as follows. He discovered the Schrödinger
equation and became one of the founding fathers of quantum mechanics. But then he came
to dislike his own creation intensely. “I don’t like it, and I’m sorry I ever had anything to do
with it”, he said about the standard probabilistic interpretation of his own equation. To
emphasize the absurdity of the implications of quantum mechanics he came up with the
Schrödinger’s cat thought experiment, which has become part of the wider culture of the
modern world.

I was therefore surprised and confused when I started reading Schrödinger’s essay My View
of the World, the first part of which he wrote in the autumn of 1925, just a couple of
months before he formulated the Schrödinger equation. Schrödinger describes his
philosophical journey from Schopenhauer to the Vedantic ideas of ancient India. He
presents convincing arguments why it makes no sense to talk about a world of objects
without any observers. All objects are objects of perception, he argues, and you cannot
separate the perceiving subject from the perceived object like Descartes tried to do with his
dualistic notions of res cogitans and res extensa.

It seemed to me that such a view would make it quite easy to accept the implications of
quantum mechanics, as they are usually presented: if it is impossible by assumption to
observe an object (Schrödinger’s cat), it makes no physical sense to ascribe any definite
properties to it (such as being alive or dead).

How come, then, that Schrödinger didn’t accept quantum mechanics – and more than that,
was deeply upset about it? To find out, I read more about his life and work. I got some
clues, but I cannot say that I have resolved the paradox. Here I collect pieces of the puzzle,
and express some meandering thoughts about how they may fit together.

The development of Schrödinger’s philosophy

Towards the end of his life, Schrödinger wrote in the foreword to My View of the World that
as a young man he looked forward to the chair of theoretical physics in Czernowitz, which
he expected to be offered in 1918. There he could do a decent job as a lecturer, and devote
himself to philosophy. However, history intervened, the Dual Monarchy split, and Czernowitz
became part of Romania.

Schrödinger’s interest in philosophy went back at least to the time as a student in Vienna.
Together with his best friend, the botany student Franz Frimmel, he used to discuss
philosophical questions during long evening walks about the city, which sometimes lasted till
the early hours of the morning.

Schrödinger’s first major philosophical influence was a book by Richard Semon from 1904
called The Mneme as Conservative Principle, which put forward the curious hypothesis of
psycho-lamarckism. According to this theory, memories can be inherited. Schrödinger and
Frimmel read this book together and discussed it in detail. Their shared youthful enthusiasm
may well have been the starting point for Schrödinger’s life-long interest in the origin and
nature of life. This interest led to the famous book What is life? from 1944, which inspired
Watson and Crick in their search for the DNA molecule.

At the end of World War I Schrödinger’s philosophical studies intensified. He read every
word of Schopenhauer, whose dark but systematic outlook may have created some
coherence for the searching mind to the shattered society and painful experiences of the
time. Schopenhauer led Schrödinger to Indian philosophy. He came to believe in Vedanta, a
belief that lasted for the rest of his life. From now on, his philosophical views remained
remarkably fixed.

Maybe the memories of the war created a deep need for the more harmonious realm
beyond the personal and wordly that Vedantic philosophy offered. The deaths of Erwin’s
father in 1919 and mother in 1921 may have contributed to this need.

Arthur Schopenhauer

Schrödinger’s views of the world

Such feelings and motivations are absent from his philosophical manifesto My view of the
world. It is abstract yet personal. Its temporal proximity to his breakthrough in quantum
mechanics suggests that it was written in the same surge of energy during the second half
of 1925.

Nevertheless, he never publicly associated his philosophy with his physics, as far as I know.
Later in life he emphasized that they had little to do with each other. My view of the world
was not published until 1961. Schrödinger wrote in the foreword:

“Not a word is said here of acausality, wave mechanics, indeterminacy relations,
complementarity, an expanding universe, continuous creation, etc. Why doesn’t he talk
about what he knows instead of trespassing on the professional philosopher’s preserves? Ne
sutor supra crepidam. On this I can cheerfully justify myself: because I do not think that
these things have as much connection as is currently supposed with a philosophical view of
the world.”

As a bystander interested in the same fundamental questions as Schrödinger was, it is hard
to understand this position. It suggests a strange dissociation between two aspects of his
intellect, between the two roads towards understanding that he followed with passion, two
roads that ought to lead to the same destination. To me, a central passage in My view of
the world that has bearing on exactly those questions about the nature of the physical
world that quantum mechanics forces us to ask is the following:

“Kant having established that the “tree in itself” is not only (as the English philosophers
knew already) colourless, odourless, tasteless, and so on, but also belongs entirely to the
realm of things-in-themselves which must in absolutely every respect remain inaccessible to
our experience, we are in a position to declare once and for all that this thing-in-itself holds
no interest for us whatever; that we are going, if necessary, to disregard it. Now, in the
realm of things which do interest us, the tree presents itself just once, and we can just as
well call this single datum a tree as a perception-of-a-tree – the first having the advantage
of brevity. This one tree, then, is the one datum we have: it is at one and the same time
the tree of physics and the tree of psychology. As we observed at an earlier point, the same
elements go to make up both the Self and the external world, and in various complex forms
are sometimes described as constituents of the external world – things – and sometimes as
constituents of the Self – sensations, perceptions. These thinkers call this the restoration of
the natural concept of the world, or the vindication of naïve realism. It does away with a
whole mass of pseudo-problems, in particular the famous ignorabimus of Du Bois Reymond,
of how feeling and consciousness could arise from a movement of atoms.”

This quote pinpoints from a philosophical perspective the essential lesson of quantum
mechanics: that it is empirically meaningless to talk about things-in-themselves, and that
they should therefore not be introduced into physical models. If one tries to do it, the model
ends up erroneous; it disagrees with the empirical evidence.

At the end of the quote Schrödinger refers to one of the insoluble world-riddles that the
physiologist Emil du Bois-Reymond presented before the Prussian Academy of Sciences in
1880, namely the origin of simple sensations. Du Bois-Reymond characterised this riddle as
ignoramus et ignorabimus (we do not know and will not know).This ignorabimus is now
rebranded as the hard problem of consciousness.

(As a side note, David Hilbert famously shot back fifty years later with militant optimism
before the Society of German Scientists and Physicians in Königsberg: “In opposition to the
foolish ‘ignorabimus’ our slogan shall be: We must know – we will know.” This sounds even
better in German: “Wir müssen wissen — wir werden wissen.”)

It should be stressed that the naive realism of Schrödinger is rather the opposite of what
may be referred to as naive scientific realism – the idea that the world is no more and no
less than a collection of small objects that dance about in space, independently of any
aware observers.

Instead, the naive realism of Schrödinger, or his natural concept of the world, is a world
view in which existence and experience go hand in hand, where the aware observer is
indispensable. All of this seemingly fits like a glove on the hand of the Copenhagen
interpretation of quantum mechanics. How come, then, that Schrödinger disliked that
approach to quantum mechanics deeply?

After some reflection I concluded that one philosophical reason may be the little weight
Schrödinger assigned to the individual, in so doing following a long tradition in eastern
philosophy. In contrast, in our attempts to come to terms with quantum mechanics from the
Copenhagen angle, we often introduce as a crucial element individual observers who
interact with their environment.

The inability in practice of a single observer to gain simultaneous knowledge about
everything around her is transcended in the Copenhagen interpretation of quantum
mechanics to the statement that there is no such complete knowledge to be gained even in
principle. This fact is encoded in the physical formalism as superpositions of different
possibilities that cannot be excluded given the actual incomplete knowledge.

The Heisenberg uncertainty relations can be seen from the Copenhagen perspective as a
reflection of this predicament: the individual who interacts with her environment to learn
something new inevitably perturbs the same environment so that she loses knowledge
about something else. She is like the elephant in the glass shop: when she enters the shop
to take a closer look at a beautiful vase at the back, she cannot help breaking a lot of other
items, forever losing the possibility to learn anything about them.

In short, the intuitive understanding of quantum mechanics from the Copenhagen
perspective relies on the individuality of the observers and the sharp distinction between
the observer and the environment. Schrödinger, on the other hand, considered this
individuality and this distinction to be illusions. Regarding individuality he writes:

“For philosophy, then, the real difficulty lies in the spatial and temporal multiplicity of
observing and thinking individuals. If all events took place in one consciousness, the whole
situation would be extremely simple. There would then be something given, a simple
datum, and this, however otherwise constituted, could scarcely present us with a difficulty
of such magnitude as the one we do in fact have on our hands.”

“I do not think that this difficulty can be logically resolved, by consistent thought, within our
intellects. But it is quite easy to express the solution in words, thus: the plurality that we
perceive is only an appearance; it is not real. Vedantic philosophy, in which this is a
fundamental dogma, has sought to clarify it by a number of analogies, one of the most
attractive being the many-faceted crystal which, while showing hundreds of little pictures of
what is in reality a single existent object, does not really multiply that object.”

It may be noted that these ideas go together quite well with the psycho-lamarckism that
fascinated Schrödinger in his youth: if personal memories are inherited the dividing line
between yourself and your ancestors is blurred.

Having erased the distinction between different observers, Schrödinger goes on to erase the
distinction between the multi-faceted single observer and the world.

“[I]nconceivable as it seems to ordinary reason, you – and all other conscious beings as
such – are all in all. Hence this life of yours which you are living is not merely a piece of the
entire existence, but is in a certain sense the whole; only this whole is not so constituted
that it can be surveyed in a single glance. This, as we know, is what the Brahmins express
in that sacred, mystic formula which is yet really so simple and so clear: Tat tvam asi, this
is you. Or again, in such words as ‘I am in the east and in the west, I am below and above,
I am this whole world’.”

In this picture, the mind merges with the world in a similar way as the mind of the mystic
merges with God. This picture of the mind is very different from that of individual elephants
trying to make sense of the items in the glass shop without breaking too many of them.

Another way to put the difference is to say that the mind imagined by Schrödinger is
passive, whereas the mind of the observer in the Copenhagen interpretation of quantum
mechanics is active: it chooses a way to interact with the external world, thereby choosing
which knowledge it may gain, and which may be lost in the process.

The Copenhagen mind gains knowledge in a stepwise fashion. It may choose to open a
letter to see what’s inside. It may decide to measure the frequency of light emitted by an
atom and record the result. The discrete nature of such knowledge gain is closely related to
the “quantum jumps” that Schrödinger detested, and wanted to remove from quantum
mechanics. First we detect one state of an atom, then another. It is impossible to say what
happens in between these detections, and it is impossible to predict which state the atom
will jump to. All we can do is to associate a probability to each possible jump.

Instead Schrödinger wanted to use the wave mechanics that he invented to model a
continuous and smooth evolution of the world. Such an evolution goes well together with
the idea of smooth and ondulating changes of the state of mind of an observer whose
consciousness merges with the world around her. Schrödinger might have had a picture of
his wave function as a cosmic field of vision.

Vishvarupa, the universal form of Vishnu, where he displays all faces, creatures and forms
as parts of him.

Schrödinger’s wave mechanics

A couple of months after completing My view of the world Schrödinger went to the Villa
Herwig in Arosa for Christmas vacation. There he took decisive steps towards his new wave
mechanical formulation of quantum mechanics. In a letter to his fellow physicist Wilhelm
Wien he wrote on December 27 in 1925:

“At the moment I am struggling with a new atomic theory. If only I knew more
mathematics! I am very optimistic about this thing and expect that if I can only… solve it, it
will be very beautiful.”

At this time Erwin’s marriage with Annemarie Bertel was strained. She did not accompany
him to Arosa. Instead he was joined by “an old girlfriend from Vienna”, whose identity is still
unknown. Schrödinger’s biographer Walter Moore compares her to the mysterious dark lady
who inspired Shakespeare’s sonnets.

It seems that Schrödinger’s philosophical, scientific and erotic explorations culminated at
the same time during this period in his life. The famous mathematician Hermann Weyl, who
was a colleague of Schrödinger at the University of Zürich, once said that Schrödinger “did
his great work during a late erotic outburst in his life”.

The academic circle in Zürich they belonged to seems to have been avant garde in more
than one respect. Extramarital affairs were not only accepted, but expected. Annemarie
found in Hermann Weyl a lover that she was devoted to. Weyl’s wife Hella was in turn
romantically involved with another physicist, Paul Scherrer. Nevertheless, despite these
adventures – and more to come – Annemarie and Erwin remained companions for life.

After the return from Arosa in January 1926, Schrödinger completed four groundbreaking
papers within half a year. During this period of intense activity there was probably not much
time for him to think about what the concepts he used in his equations actually meant. First
he thought that the wave function Y represented some kind of matter wave or a new type of
aether, then he settled at a picture in which it corresponds to a continuous charge
distribution. In that picture the charge of the electron circling around the nucleus of the
hydrogen atom is smeared out in a cloud with a density proportional to the square modulus
|Y|2 of the wave function Y.

Max Born and others quickly realised that |Y|2 must rather correspond to the probability to
find a single electron at the given location, in order for the theory to account for all the
discrete or quantum aspects of atomic matter and radiation that are seen in experiments.
Given the state of the electron at time A, the theory then specifies the probability to find it
at another state at time B. The electron jumps between the two states, and all the theory
can say about the process is the probability that it will happen.

Schrödinger could not accept this idea. He seems to have settled on a picture in which the
smooth and deterministic evolution of the wave function devised by his own Schrödinger
equation corresponded to a smooth and deterministic evolution of the world as a whole. He
wrote to Wilhelm Wien in August 1926:

“[T]oday I no longer like to assume with Born that an individual process of this kind is
absolutely random, i.e., completely undetermined. I no longer believe today that this
conception (which I championed so enthusiastically four years ago) accomplishes much.”

The opposing view that he championed before is clearly revealed in his inaugural lecture at
the University of Zürich in December 1922, where he exclaimed the following:

“It is quite possible that the laws of Nature without exception have a statistical character.
[…] The burden of proof lies upon the advocates of absolute causality, not upon those who
doubt it. For to doubt it is today by far the more natural viewpoint.”

In preparing for this lecture he wrote a letter to Wolfgang Pauli in which he even suggested
that conservation laws were not absolute but statistical:

“Can the conservation of energy-momentum not be merely a macroscopic valid average
relation, of which atomic physics knows nothing, like the 2nd law [of thermodynamics]? At
least it can be that way, and I see almost no other way out.”

How come Schrödinger changed his mind so drastically? In the meantime he had
contributed a lot to the efforts to provide a solid mathematical foundation to quantum
mechanics. Naively, one might therefore think that he would conclude that these theoretical
successes reinforced the tentative conclusions from empirical quantum mechanics – that
there was no way to get rid of randomness in atomic physics.

One may speculate that Schrödinger instead fell so much in love with his own wave
equation and the waves in it that he lost his sober judgment. The acclaim of his
achievements was immediate, and the success must have been overwhelming.

Schrödinger had previously done a fair amount of research on waves. During World War I
he served as a lieutenant in the fortress artillery. He probably contemplated the so called
“outer zone of abnormal audibility” of large explosions. As one moves away from the
explosion the perceived sound is first attenuated, but may then rise again in a zone at a
distance of 50-100 km, before dying out at even larger distances. At any rate, Schrödinger
wrote a paper on the subject in 1917.

In November 1925 Schrödinger welcomed as his assistant the young physicist Erwin Fues
from Stuttgart. Schrödinger suggested that Fues should work on the interaction of
atmospheric shock waves. Fues’ professor in Stuttgart was not happy about this seemingly
outdated topic, and strongly advised him to ask for a problem connecting to the rapidly
developing quantum mechanics.

But maybe the connection was already there in Schrödinger’s mind. He might have played
with the idea that “everything is waves”, just like an economist may sometimes feel that
“everything is economy”, or a psychologist concludes that “everything is psychology”. If so,
this hunch probably grew into a full-blown vision after his discovery of wave mechanics
during the Christmas vacation at Villa Herwig in Arosa. Then all other ideas, such as that of
randomness and discreteness, may have been swept away.

Villa Dr. Herwig in Arosa, Switzerland

Back to philosophy

Also, what had changed between the years 1922 and 1925 was that Schrödinger’s vedantic
philosophy had matured, and it conformed more to a continuous and deterministic picture
of the world than to a discrete and random one.

As noted above, the idea that the world consists of nothing but smooth waves evolving
continuously fit well together with the philosophical ideas that he formulated just months
before he discovered wave mechanics. Maybe this discovery appeared to him as a sign from
above that the thoughts expressed in My view of the world were converging towards the
truth. His scientific research seemed to confirm his deeper thoughts within a couple of
months. It could well have given him a shock of joy and self-confirmation.

As far as I know, however, Schrödinger never during these years tried to connect in public
his vedantic ideas about the self and the world with his wave mechanics. This is not
surprising, considering that he kept his philosophical writings to himself and did not publish
My view of the world until 1961, perhaps fearing that his reputation as a scientist would be
hurt if he talked too openly about such matters.

But there was a rift in his vision of physics. He could not help seeing it, but he could never
really accept it. His wave mechanics did not get rid of the randomness and the “damned
quantum jumps”. Throughout his life he made several attempts to patch up this rift and
recreate a smooth, deterministic physics. But he could never really present a coherent
alternative to the predominant Copenhagen interpretation of quantum mechanics, which
was based on the randomness and inherent incompleteness of knowledge that he detested.

As a psychological speculation, one might understand the strange statement in the preface
from 1960 to My view of the world that physics has nothing to do with philosophy as a
defence mechanism. During the months of intense scientific creativity after his Christmas
holidays 1925 in Arosa, Schrödinger may have dreamed about a quick and happy marriage
between his vedantic philosophy and his physics. When that marriage never came true, he
may have concluded that it was not meant to be, that it could never happen. Schrödinger’s
philosophical views seem to have been vital for him, conquered at a difficult time in his life
after World War I. To preserve them, he may have been forced to encapsulate and isolate
them from a physics that developed in a different direction.

The scene in Bhagavad-Gita where Krishna teaches Arjuna before the battle

Reflections

It seems to me that Schrödinger is somewhat inconsistent in his take on individuality. He
uses the individuality of perception when he rules out an underlying objective reality and
arrives at the natural concept of the world described in the long quote above, where the
perceived tree is the only meaningful tree there is. At the same time, in the vedantic
tradition, he dismisses individuality as an illusion.

In Schrödinger’s natural concept of the world, two individuals A and B share the same
perception of this tree. There is no need for an underlying layer of reality which causes the
perceptions of A and the perception of B, possibly via emissions of one set of photons from
the tree-in-itself that hit the retina of A and another set of photons from the underlying
tree-in-itself that hit the retina of B.

In My view of the world Schrödinger argues against an underlying, objective reality by the
following thought experiment. He imagines one individual A who looks at an interesting
scenery and an identical individual B who is placed in a dark room. From the objective
perspective, nothing changes if A and B change places, but from the subjective perspective
both A and B perceive a drastic change. According to Schrödinger, the inability to account
for this individually perceived asymmetry proves that the picture with an underlying
objective reality can never be sufficient to account for the world as we know it.

At the same time he plays down the individuality of perception as an illusion. In one of the
quotes above he compares it to one of the hundreds of little pictures that a many-faceted
crystal creates of a single object. This single object would then correspond to a single,
universal consciousness. These ideas certainly go together well with a physical model where
the world consists of smoothly interacting waves, without sharp distinctions between this
and that, between different objects or between different subjects.

But to me it seems too easy to dismiss individuality by name-calling and metaphors. Even
an “illusion” requires a “real” mechanism to make it appear. A hallucination requires an
over-heated brain. The multiplication of the image of the single object requires an multi-
faceted crystal. In the same way, there must be a substrate of the individuality of
perception in the fabric of the world, regardless whether you call this individuality an illusion
or not.

If we take Schrödinger’s argument about the non-existence of individuality seriously, then
we also invalidate his own argument against the existence of an underlying objective reality
that we sketched above. In other words, Schrödinger’s idealistic vision of a single cosmic
consciousness goes well together with a realistic vision of a single materialistic world. Pure
idealism and pure realism are not so different when it comes to model building. Les
extremes se touchent.

An example would be the Schrödinger and Einstein. As we have seen, Schrödinger was
inspired by vedantic mysticism with visions of a unified consciousness that breaks the
distinctions of earth-bound perceptions. Einstein had seemingly a very different realistic
vision of a deterministic and materialistic world characterized by harmony and order. But in
realizing their different visions, they seem to have come to love the same type of field
models. They joined forces against the common enemy – the Copenhagen school of Niels
Bohr, Werner Heisenberg and Wolfgang Pauli. The Copenhagen vision was rather that of a
world consisting of observers who interact with and try to learn about the world around
them at the same time as they crush it, like clumsy elephants.

The common feature of the purely idealistic and the purely realistic camps of Schrödinger
and Einstein is that they both focus on just one of the poles in the observer-observed pair
or the subject-object pair. In the wording of Descartes, they focus on either res cogitans or
res extensa, and deny the other.

To me, the only reasonable position is the middle ground between idealism and realism
represented by the Copenhagen school. We have to acknowledge both the observer and the
observed, and treat the relation between them as fundamental. Perhaps like the two sides
of a coin. You cannot characterise the coin accurately by just describing one of its sides. At
the same time you cannot consider one side in isolation from the other. As Schrödinger
correctly noted, the strict dualism of Descartes is untenable.

In quantum mechanics the fundamentality of the relation between the observer and the
observed becomes explicit via the measurement postulate and the operator rule that tells
which property values are observable in a given situation. The measurement postulate
describes the discrete and probabilistic transition from possibility to actuality. Schrödinger
could not accept this deviation from continuity and determinism. Countless modern
thinkers follow in his footsteps and call it the “measurement problem”. This is a misnomer.
Rather than a problem, it’s the pearl at the core of quantum mechanics, opening up the
necessary depth dimension of the theory as compared to the flat class of theories that aims
to be either purely idealistic or purely realistic.

I described the universal mind imagined by Schrödinger as passive. Its lack of limits means
that it does not have a world to interact with. It just is. But this is not life, this is not
physics. It’s a dream that might come true in afterlife or in Nirvana. To do science means to
struggle with the world. We hunt Nature down and force it to deliver the answers that we
seek. We defy the cold and go to Antarctica to learn about inland ice and paleoclimate, and
we build massive accelerators to learn about elementary particles. It’s like Jacob’s wrestling
with God.

In the vedantic vocabulary of Schrödinger the struggles of life is part of Maya, the illusory
and multi-faceted material world, whereas the unification of man with cosmos is Brahman.
Maybe Schrödinger made a category mistake. He may have dreamt of a physics that
reflects Brahman. But as far as I understand it must reflect Maya. It is only in such a world
that we do physics.

Roy de Maistre, Jacob wrestling with the angel, 1958
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Schrödinger equation

The equation in the first communication 1926:

iℏψ̇ = Hψ

H = − ℏ2

2m∆+ V is the Hamiltonian.

The stationary equation is Hψ = 0.

Figure: Annemarie and Erwin Schrödinger grave in Alpbach
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The Arosa letter

Reading Schrödinger’s first communication Quantisierung als

Eigenwertproblem (Quantisation as an eigenvalue problem), I had
the feeling that he had the (unformulated) idea of a notion
of “intrinsic spectrum”. Therefore I was looking for infor-
mation about his way of thinking during his stay in Arosa.
Some weeks ago, from an internet search with the key words
“villa Herwig Frisia, Arosa”, I found the auction of a
Schrödinger’s letter written from Arosa on december 27-th.

Three lines of this letter give a striking positive confirmation
of my hypothesis. It seems that nobody noticed this impor-
tant point before.
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Erwin Schrödinger (1887[1961).

Autograph letter signed ('E. Schrödinger') to [Wilhelm Wien], Villa Herwig,
Arosa, Switzerland, 27 December 1925.

In German. Six pages, 269 d 215mm. Provenance: by descent from Wilhelm
Wien.

Schrödinger grasping at 'a new atomic theory'. ‘Just now a new atomic theory
is niggling me. If only I knew more mathematics! I am very optimistic about
this thing and hope that if only I can master the calculations, it will be very
fine. I think I can provide a vibrational system [ein schwingendes System] in
comparatively natural ways, not through ad hoc assumptions’, concentrating
particularly on the natural frequencies of hydrogen. He provides the
mathematical definitions he is working on: ‘These frequencies are very high
against the optical and also against the X-ray frequencies, so have only very
small relative diJerences from each other’; in three further sets of equations,
he shows how this provides ‘a real beat frequency’ [Schwebungsfrequenz]. He
concludes, ‘I hope that I will soon be able to report on the thing in a more
detailed and comprehensible way’, once he has cracked the mathematical
challenges.

The letter opens with an attempt to clear up a misunderstanding prompted by
the Russian physicist V.A. Fock, concerning Schrödinger’s intended
contribution of an article on colour theory for Wien’s Handbuch der
Experimentalphysik (1926): Rudolf Tomaschek should have taken his place, but
Schrödinger was astonished to discover from Edgar Meyer that there was an
objection to Tomaschek ‘as a student of [Philipp] Lenard because of their
antagonism towards Einstein’. Schrödinger also discusses a small conference of
southern German physicists in Carlsruhe, where it appears that physicists from
Munich [where Wien was based] are unrepresented; and mentions the fact
that for various reasons he has submitted his last three papers not to the
Annalen der Physik (of which Wien was the editor) but to other journals.
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A letter from E. Schrödinger to W. Wien
Villa Herwig, Arosa, 27 December 1925

Walter Moore translation (and my own translation of the end part

cut by Moore):

“At the moment I am struggling with a new atomic theory.
If only I knew more mathematics! I am very optimistic about
this thing and expect that if I can only . . . solve it, it will be
very beautiful. I think I can specify a vibrating system [ein
schwingendes System] that has as eigenfrequencies the
hydrogen term frequencies ’and in a relatively natural way,
not through ad hoc assumptions’ ... I hope that I will soon
be able to report on the thing in a more detailed and com-
prehensible way.

In the meantime I must learn more
mathematics, in order to fully master the vibration problem -
a linear differential equation, similar to Bessels, but less well
known,

and with remarkable boundary conditions that the
equation ’carries within itself’ [in sich trägt] and that are
not externally predetermined. ...”



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

A letter from E. Schrödinger to W. Wien
Villa Herwig, Arosa, 27 December 1925

Walter Moore translation (and my own translation of the end part

cut by Moore):

“At the moment I am struggling with a new atomic theory.
If only I knew more mathematics! I am very optimistic about
this thing and expect that if I can only . . . solve it, it will be
very beautiful. I think I can specify a vibrating system [ein
schwingendes System] that has as eigenfrequencies the
hydrogen term frequencies ’and in a relatively natural way,
not through ad hoc assumptions’ ... I hope that I will soon
be able to report on the thing in a more detailed and com-
prehensible way. In the meantime I must learn more
mathematics, in order to fully master the vibration problem -
a linear differential equation, similar to Bessels, but less well
known,

and with remarkable boundary conditions that the
equation ’carries within itself’ [in sich trägt] and that are
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Erwin Schrödinger (1887_1961).

Autograph letter signed ('E. Schrödinger') to [Wilhelm Wien], Villa Herwig, Arosa,
Switzerland, 27 December 1925.

In German. Six pages, 269 f 215mm. Provenance: by descent from Wilhelm Wien.

Schrödinger grasping at 'a new atomic theory'. ‘Just now a new atomic theory is
niggling me. If only I knew more mathematics! I am very optimistic about this thing
and hope that if only I can master the calculations, it will be very fine. I think I can
provide a vibrational system [ein schwingendes System] in comparatively natural
ways, not through ad hoc assumptions’, concentrating particularly on the natural
frequencies of hydrogen. He provides the mathematical definitions he is working
on: ‘These frequencies are very high against the optical and also against the X-ray
frequencies, so have only very small relative diRerences from each other’; in three
further sets of equations, he shows how this provides ‘a real beat frequency’
[Schwebungsfrequenz]. He concludes, ‘I hope that I will soon be able to report on
the thing in a more detailed and comprehensible way’, once he has cracked the
mathematical challenges.

The letter opens with an attempt to clear up a misunderstanding prompted by the
Russian physicist V.A. Fock, concerning Schrödinger’s intended contribution of an
article on colour theory for Wien’s Handbuch der Experimentalphysik (1926):
Rudolf Tomaschek should have taken his place, but Schrödinger was astonished to
discover from Edgar Meyer that there was an objection to Tomaschek ‘as a student
of [Philipp] Lenard because of their antagonism towards Einstein’. Schrödinger also
discusses a small conference of southern German physicists in Carlsruhe, where it
appears that physicists from Munich [where Wien was based] are unrepresented;
and mentions the fact that for various reasons he has submitted his last three
papers not to the Annalen der Physik (of which Wien was the editor) but to other
journals.
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ONLINE AUCTION 18958 EUREKA! SCIENTIFIC BREAKTHROUGHS OF THE 20TH CENTURY

DÉTAILS

Erwin Schrödinger (1887_1961).

Autograph letter signed ('E. Schrödinger') to [Wilhelm Wien], Villa Herwig, Arosa,
Switzerland, 27 December 1925.

In German. Six pages, 269 f 215mm. Provenance: by descent from Wilhelm Wien.

Schrödinger grasping at 'a new atomic theory'. ‘Just now a new atomic theory is
niggling me. If only I knew more mathematics! I am very optimistic about this thing
and hope that if only I can master the calculations, it will be very fine. I think I can
provide a vibrational system [ein schwingendes System] in comparatively natural
ways, not through ad hoc assumptions’, concentrating particularly on the natural
frequencies of hydrogen. He provides the mathematical definitions he is working
on: ‘These frequencies are very high against the optical and also against the X-ray
frequencies, so have only very small relative diRerences from each other’; in three
further sets of equations, he shows how this provides ‘a real beat frequency’
[Schwebungsfrequenz]. He concludes, ‘I hope that I will soon be able to report on
the thing in a more detailed and comprehensible way’, once he has cracked the
mathematical challenges.

The letter opens with an attempt to clear up a misunderstanding prompted by the
Russian physicist V.A. Fock, concerning Schrödinger’s intended contribution of an
article on colour theory for Wien’s Handbuch der Experimentalphysik (1926):
Rudolf Tomaschek should have taken his place, but Schrödinger was astonished to
discover from Edgar Meyer that there was an objection to Tomaschek ‘as a student
of [Philipp] Lenard because of their antagonism towards Einstein’. Schrödinger also
discusses a small conference of southern German physicists in Carlsruhe, where it
appears that physicists from Munich [where Wien was based] are unrepresented;
and mentions the fact that for various reasons he has submitted his last three
papers not to the Annalen der Physik (of which Wien was the editor) but to other
journals.
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158 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHelge Kragh zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Im Augenblick plagt mich eine neue Atomtheone. Wenn ich nur mehr Mathematik 
kijnnte! zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. . . VorlPufig muss ich noch Mathematik lernen, um das Schwingungsproblem 
ganz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzu iibersehen - eine lineare Differenzialgleichung, der Bessel’schen iihnlich, aber 
weniger bekannt und mit merkwiirdigen Randbedingungen. welche sie “in sich trigt”, 
nicht von a w n  vorgeschrieben bekommt.11 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

So, at the closing days of 1925, Schrodinger had not yet found a way 
out of the mathematical troubles in which his wave equation had 
thrown him. 

Schrodinger stayed in Arosa until January 9, 1926. Probably a few 
days after his return to Zurich, he succeeded in solving his differential 
equation for the hydrogen atom, although, as we shall see, with a 
rather disappointing result. 

3. The Published Derivations 

When Schrodinger’s wave mechanics appeared on the scene of physics 
the formal core of the theory, the eigenvalue equation, was derived in 
two widely different ways. None of these ways, I shall argue, mirror 
the original route to the wave equation. Still it may be useful to review 
the two published derivations in order to clarify their relationship to 
the creative stages through which Schrodinger proceeded. 

The first published derivation, appearing on the first two pages of 
Q1, was not only curiously formal, but straightforwardly cryptical. On 
the whole this derivation appears badly justified, its sole foundation 
lying in its result, the eigenvalue equation, and its successful applica- 
tion to the hydrogen atom. At any rate, the essence of Q1 is not the 
derivation of the wave equation, but the equation itself and its 
mathematical treatment in order to solve the case of the hydrogen 
atom. 

In Q2 Schrodinger derived the wave equation in an alternative and 
much better argued way. The core of the Q2 derivation was an exten- 
sion of Hamilton’s old analogy between optics and mechanics. The 
approach taken by Schrodinger in Q2 was adopted by virtually all 
contemporary commentators and was soon considered as the 
Schrodinger derivation of the wave equation. It is also this approach 
which most historians have suggested to be Schriidinger’s original way 
to the wave equation. Indeed, Qz “could have preceded the first part 

“ ... a linear differential equation, similar to Bessel’s, but
less well known, and with remarkable boundary conditions
that the equation ’carries within itself’ and that are not
externally predetermined.”

In the original, Schrödinger insist on ’carries within itself’:
,,in sich trägt”.
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The idea of quantification conditions carried by the equation
reappears in the second communication (page 511):
“... die Gleichung (18) die Quantenbedingdungen in sich
trägt.”

Schrödinger suggests a broader scope of application than the

hydrogen case, but his formulation is rather obscure. This can

explain that this point has hardly ever been noticed. As far as I

know, it was noticed and commented only by Peter Enders in 2013

(he apparently ignored the Arosa letter to W. Wien).

I quote Helge Kragh:
“As regards crucial question of how Schrodinger discovered
his celebrated equation and subsequently applied it to the
hydrogen atom, there are, however, serious lacunae in the
historical writings.”
I think that the fact that on december 27-th Schrödinger
had in mind the notion of intrinsic spectrum and my mathe-
matical analysis of this point implies a revision of the history
of the discovery.
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Boundary conditions (non intrinsic version)
Quantisierung als Eigenwertproblem (Quantisation as an
eigenvalue problem), first communication Published in Annalen
der Physik 79 (1926). Submitted on January 26-th 1926, received
by W. Wien on January 27-th 1926.

K = ℏ, n = ℓ (today notation).

The solutions must be bounded (from the “other equation”
of Schrödinger).
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Intrinsic boundary condition at zero

The non negative exponent at zero.
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Intrinsic boundary condition at infinity
In his first communication Schrödinger follows a method (due to
Poincaré and Horn) described by L. Schlesinger in his 1900 mono-
graph. According to some historians Schrödinger known Schlesin-
ger’s book when he was a student. The method works for the
so-called Laplace equations whose Laplace transforms are equa-
tions of order one with two (Fuchsian) singularities c1, c2 ∈ C.
Then the integral∫

L
e−zr (z − c1)

α1−1(z − c2)
α2−1dz

gives, for a convenient contour of integration L, a solution of the

initial equation.

Letter from Schrödinger to Sommerfeld:

Finally I wish to add that the discovery of the whole connection

[between the wave equation and the quantization of hydrogen

atom], goes back to your beautiful quantization method for

evaluating the radial quantum integral. ... which suddenly shone

out from the exponents α1 and α2 like a Holy Grail.”

Schrödinger quantification condition at infinity is defined from to

the two Frobenius exponents of the Laplace transform of the

equation. These two exponents must be integers.
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Laguerre polynomials and hydrogen atom
I quote an article of J. Mawhin and A. Ronveaux (Archive
for History of Exact Sciences, 2010):

2.3 The occurrence of Laguerre polynomials

In a footnote of his second (and longer) paper, Schrödinger thanked Erwin
Fues (1893–1970), at this time his assistant in Zürich, for identifying the eigen-
functions of Planck’s oscillator with Hermite polynomials, and observed that he
has identified the polynomials obtained in his first paper with the (2n + 1)th

derivative of the (n + l)th Laguerre polynomial (Schrödinger 19262). Thus,
Schrödinger definitely abandoned Schlesinger’s approach and, following
a suggestion of Weyl and Fues, refered to the recent Methoden der math-
ematischen Physik of Richard Courant (1888–1972) and David Hilbert
(1862–1943) published in 1924, with the aim of providing the mathematical
foundations of classical physics (Courant–Hilbert 1924). In the French transla-
tion of (Schrödinger 1927) published in 1933, Schrödinger advised the reader
to forget about his first approach, and suggested it would be better consult re-
cent books on wave mechanics, instead of his papers, for a clearer and simpler
approach.

The explicit definition of the Laguerre polynomials of degree n (up to a
multiplicative constant An) is

L(α)
n (x) = An

[
n∑

m=0

(−1)m

(
n + α
n − m

)
xm

m!

]
(7)

where α is a real or complex parameter (Rainville 1960). In the past, the

functions L
(0)
n := Ln were called Laguerre polynomials and the functions L

(α)
n

(α "= 0) associated or generalized Laguerre polynomials. The expression Sonine
polynomials (see below) was also sometimes used when α = m, a positive integer.
This distinction is now abandoned and the expression Laguerre polynomial is

used for L
(α)
n for any value of α.

The choice An = 1 comes from the generating function

Fα(x, t) = (1 − t)−α−1e
xt

t−1 (8)

giving, by expansion in powers of t,

Fα(x, t) =
∞∑

n=0

L(α)
n (x)tn (|t| < 1). (9)

Easy consequences of (9) are the relations

(n + 1)L
(α)
n+1(x) − (2n + α+ 1 − x)L(α)

n (x) + (n + α)L
(α)
n−1(x) = 0,

x
dL

(α)
n

dx
(x) = nL(α)

n (x) − (n + α)L
(α)
n−1(x), (10)

dL
(α)
n

dx
(x) = −L

(α+1)
n−1 (x), (11)

7

Compared to my notation, one must exchange ℓ and n.

It is surprising that, in january 2016, Hermann Weyl did not
recognised Liouville polynomials.
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The hydrogen spectrum as an analytic spectrum

The regular singularity at r = 0 is logarithmic (the possibility

was noticed by Schrödinger in his first communication; the

difference of exponents 2ℓ+ 1 is entire).

The half-line R+ is a non-singular line for the summation at
infinity of the formal subdominant solution and a singular
line for the other purely exponential solution. (Relation be-
tween Borel summation and Laplace transform.)

It follows that a special solution connecting 0 to ∞ must be
analytic at 0 and subdominant at ∞.

Hence a solution along R+ is special if and only if it is boun-
ded. The Schrödinger spectrum and the analytic spectrum
coincide.
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The simplest quantification method

In his first communication Schrödinger give a first caracterisation

of the spectrum using the fact that the eigenfunction must be

bounded at zero and infinity (a “naive spectrum”).

This implies that the eigenfunction is analytic at zero.

Using convenient coordinates, the radial function R(x) can be

written R(x) = xℓe−x/2u(x), where u is a solution of the

generalised Laguerre equation

x2u′′ + (1 + 2ℓ− x)u′ − λu = 0 (ℓ ∈ N).
The function u is entire and u =

∑
uhx

h, the coefficients

satisfying the recursion relation

(h + 1)(h + 2ℓ+ 2)uh+1 = (h + λ)uh.

If uh never vanishes, that is if λ /∈ −N, one can prove that there

exists x0 > 0 such that R(x) > 1
2x

ℓex/4 for x > x0. It follows that

R is not bounded. Therefore the series must terminate, the

spectrum is given by λ = −n, n ∈ N and the corresponding u are

generalised Laguerre polynomials.

Refs: Schiff, Quantum Mechanics, Ramis-Warusfel, Licence L3.
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satisfying the recursion relation

(h + 1)(h + 2ℓ+ 2)uh+1 = (h + λ)uh.

If uh never vanishes, that is if λ /∈ −N, one can prove that there

exists x0 > 0 such that R(x) > 1
2x

ℓex/4 for x > x0. It follows that

R is not bounded. Therefore the series must terminate, the

spectrum is given by λ = −n, n ∈ N and the corresponding u are

generalised Laguerre polynomials.

Refs: Schiff, Quantum Mechanics, Ramis-Warusfel, Licence L3.
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ℓex/4 for x > x0. It follows that
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The simplest quantification method

The proof is very simple. Therefore we can follow Schrö-
dinger 1933 advice and forget about his initial proof. Almost
everybody does that today. But my feeling is that doing so,
we, in some sense, throw the baby out with the bathwater.

It is not a good idea to forget the approach by a study of
solutions in the complex domain.
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15 YEARS LATTER

Intrinsic spectra of the harmonic oscillator
and of the non-relativistic hydrogen atom

by factorisation of operators
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Schrödinger, A method of determining quantum-mechanical
eigenvalues and eigenfunctions, 1940.
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 46 A 2
 [9]

 II.

 A METHOD OF DETERMINING QUANTUM-MECHANICAL
 EIGENVALUES AND EIGENFUNCTIONS.

 BY E. SCHRODINGER.

 [Read 11 DECEMBER, 1939. Published 12 FEBRUARY, 1940.]

 ? 1. Planck's Oscillator.

 TFimE attractive feature of the method to be described here is that it avoids
 cumbersome transformations, recourse to the ready-made equipment of the
 mathematical warehouse or expansion into power-series. It yields all the
 eigenfunctions of the line spectrum by onie quite elementary quadrature.
 The method originates from a, virtually, well-known treatment of the
 oscillator. Its amplitude equation

 d2; _ X2; + AA _ o (1,1)

 ( =- eigenvalue)

 ean be written in either of the two following ways

 (_) - x )d( + x)k + ( - 1) 0,

 d (++dxi )# + (X + 1)) = 0. (1, 2)
 Now if you operate on one of these equations with the second of the
 two first order differential operators which occur in it, you get for
 the function which results from q by applying that operator an
 equation of the other type, but with A + 2 or A - 2, respectively,
 iinstead of A. Thus the two operators turn an eigenfunction belonging
 to X-unless they annihilate it-into an eigenfunction belonging to
 A + 2 or X - 2, respectively. For they do not interfere with regularity,
 and they will not destroy quadratic integrability as can be shown, by
 multiplying (I) and (II) by q dx, integrating from - oo to + co alnd
 performing one integration by parts.

 To start with, a solution for X = 1 is easily found from (T):

 ( + X - 0, i.e. 4=e 2. (1, 3)
 PR1OC. R.I.A., VOL. XLVI, SECT. A. [2]
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 10 Proceedings of the Royal Irish Academy.

 It can he shown that all eigenfunctions are obtained from this onie by

 repeated application of the other operator, viz., of d-- x. Thus the

 series of eigenvalues A = 1, 3, 5, 7 . . . . is produced.
 The general method consists in decomposing into two mutually adjoint

 linear operators of the first order the more complicated second order
 cperators which occur in other problems. The mutual adjointness
 secures the maintenance of quadratic integrability, which we will therefore
 tacitly take for granted in the following.

 ? 2. The (non-relativistic) hydrogen atom (Kepler motion).

 After a spherical harmonic P, (0, e), of given integral order I has
 been split off and convenient units have been introduced, the equation for
 the radial variable x reads

 d2+ ?12 d_ 1(1 1) 2 +((A 2>=o. (2, 1)

 tx is the radius vector r, with the radius of Bohr's first orbit as unit of
 length; A is the energy E, in the Rydberg energy uniit; thus

 4 - me2 r}h2 4)( 4X 2e2'(92, 2) 119 ' ~27r2me'}

 We propose to investigate negative eigenvalues and put

 (2, 3)

 taking for a the positive value of (- A> t The equation (2, 1), multiplied
 by x2, can be written in either of the two following ways:

 (I) (xj+ a a)($y-a + 1 + -); +?(a - 1)a - 1( +?1)]= 0,

 (II) - a + + a + + [a(a + 1 (1 + 1)?+ O.
 (2, 4)

 These forms are inot yet manageable, because they are not related in such
 a way that one is turned into the other by reversing the order of the
 operators and taking another value of a.

 We put

 (X) f ( )and -=y. (2, 5)
 This is a peculiar transformation, because it applies to eigenfunctions
 only; for a means always the reciprocal square root of minus the
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We recall that if D ∈ C(x)[d/dx ] is of order two and λ ∈ C,
then the following “integrability conditions” are equivalent:

(i) the operator D − λ factorises into the Ore ring
C(x)[d/dx ] into two operators of order one;

(ii) there exists a solution f of D − λ such f ′/f ∈ C(x);
(iii) the operator D − λ admits a generalised polynomial

solution;

(iv) Kovacic’s algorithm for the operator D − λ stops at the
n = 1 step;

(iv) the projective differential Galois group of the operator
D − λ is triangulable.
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Quantification by differential Galois groups

At the beginning of the eighties, I noticed that the spectrum of

the Schrödinger equation with a Coulomb potential corresponds to

the vanishing of a Stokes multiplier at infinity; equivalently to the

fact that the differential Galois group is triangulable. (J.P. R.,

Lecture at the Dolbeaux-Lelong seminar in Paris. Unpublished.)

In 1989, Jean Martinet and J.P. R calculated the Stokes multi-
pliers of the confluent hypergeometric equation

y ′′ + (c − x)y ′ − ay = 0

(using Gamma functions) and the differential Galois group G .
The group G is triangulable if and only if a Stokes multiplier
vanishes, that is:

a ∈ −N, or − c + a+ 1 ∈ −N, or 1− a ∈ −N, or c − a ∈ −N.
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In 1989, Jean Martinet and J.P. R calculated the Stokes multi-
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y ′′ + (c − x)y ′ − ay = 0
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Algebraic spectrum

In his PhD thesis 2009, Primitivo Acosta-Humanez got the
hydrogen spectrum using the first step (n = 1) of Kovacic’s
algorithm.

Later Primitivo Acosta-Humanez, Juan J. Morales-Ruiz and
Jacques-Arthur Weyl introduced a notion of algebraic spec-
trum 2010. By definition the spectral values correspond to
the Liouvillian cases.

Today I use a variant: the eigenfunctions correspond to the
solutions f of D − λ such ∂f /f ∈ K (the step one of Kova-
cic’s algorithm when K = C(x)).
When K = C(x), an algebraic spectrum appears as a subset
of an analytic spectrum (equality in the hypergeometric case).
In the CHE case an algebraic spectrum corresponds to a
3-point connection and the analytic spectrum correspond to
a 2-points connection (two points among the three).
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In his PhD thesis 2009, Primitivo Acosta-Humanez got the
hydrogen spectrum using the first step (n = 1) of Kovacic’s
algorithm.

Later Primitivo Acosta-Humanez, Juan J. Morales-Ruiz and
Jacques-Arthur Weyl introduced a notion of algebraic spec-
trum 2010. By definition the spectral values correspond to
the Liouvillian cases.
Today I use a variant: the eigenfunctions correspond to the
solutions f of D − λ such ∂f /f ∈ K (the step one of Kova-
cic’s algorithm when K = C(x)).
When K = C(x), an algebraic spectrum appears as a subset
of an analytic spectrum (equality in the hypergeometric case).
In the CHE case an algebraic spectrum corresponds to a
3-point connection and the analytic spectrum correspond to
a 2-points connection (two points among the three).
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SPECTRA OF THE HEUN CLASS

and lines on affine cubic surfaces
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Heun class and Painlevé equations
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In 1888 Karl Heun published an article on the general second order
Fuchsian linear differential equations with four singularities. These
equations are called today Heun equations. At that time the case
of three singularities, the Riemann equations (hypergeometric
case), was well known with numerous applications and the purpose
of Heun was to explore the next step.

Unfortunately the occurence
of an extra singularity introduce a completely new phenomenon,
the equation is no longer “determined” by the local exponents and
it appears an auxiliary parameter. It is a source of considerable
difficulties, in particular it is no longer possible to calculate
“explicitely” the global monodromy. Heun did not overcome the
new difficulties and, in a first step, his work was not appreciated.

Later it was discovered that Heun equations give new interesting

equations by various confluence processes, generalizing what

happens in the hypergeometric case. In this way one gets a rich

family of equations, the Heun class (confluent, biconfluent, double

confluent and triconfluent and degenerated forms). The confluent

equations in the class have one or two irregular singularities (with

an integer or half-integer slope.
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In 1888 Karl Heun published an article on the general second order
Fuchsian linear differential equations with four singularities. These
equations are called today Heun equations. At that time the case
of three singularities, the Riemann equations (hypergeometric
case), was well known with numerous applications and the purpose
of Heun was to explore the next step. Unfortunately the occurence
of an extra singularity introduce a completely new phenomenon,
the equation is no longer “determined” by the local exponents and
it appears an auxiliary parameter. It is a source of considerable
difficulties, in particular it is no longer possible to calculate
“explicitely” the global monodromy. Heun did not overcome the
new difficulties and, in a first step, his work was not appreciated.

Later it was discovered that Heun equations give new interesting

equations by various confluence processes, generalizing what

happens in the hypergeometric case. In this way one gets a rich

family of equations, the Heun class (confluent, biconfluent, double

confluent and triconfluent and degenerated forms). The confluent

equations in the class have one or two irregular singularities (with

an integer or half-integer slope.
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Fuchsian linear differential equations with four singularities. These
equations are called today Heun equations. At that time the case
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case), was well known with numerous applications and the purpose
of Heun was to explore the next step. Unfortunately the occurence
of an extra singularity introduce a completely new phenomenon,
the equation is no longer “determined” by the local exponents and
it appears an auxiliary parameter. It is a source of considerable
difficulties, in particular it is no longer possible to calculate
“explicitely” the global monodromy. Heun did not overcome the
new difficulties and, in a first step, his work was not appreciated.

Later it was discovered that Heun equations give new interesting

equations by various confluence processes, generalizing what

happens in the hypergeometric case. In this way one gets a rich

family of equations, the Heun class (confluent, biconfluent, double

confluent and triconfluent and degenerated forms). The confluent

equations in the class have one or two irregular singularities (with
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Figure: Karl Heun
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Separation of variables and Heun class

The story continues with the study of the Laplace, Helmoltz
and Klein-Gordon equations in various dimensions (d = 2, 3
or 4). In some cases these partial diffferential equations
separate in coordinate systems (11 possibilities if d = 3) and
give rise to d linear second order equations.

Algebraic forms
of these equations are in the most usual cases ‘trivial’
(y ′′ + ω2y = 0), hypergeometric (possibly confluent) or
belongs to the Heun class. (This observation is relatively
recent in some cases, in particular in the black holes theory.
During the eighties in this last case.). Mathieu’s, Lamé’s,
Ince’s and the spheroidal wave equation appeared in this way.
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Analytic spectra and Riemann-Hilbert map

The (wild) Riemann-Hilbert map RH algebraize the analytic
spectra of the CHE. They can be interpreted using
pull-backs of (explicitely computable) algebraic curves on the
(wild) character varieties, which are (possibely singular)
affine cubic surfaces.

In several cases the algebraic curves are lines. The image by
RH of a generalised polynomial solutions is the intersection
of two lines.

The transcendence of the spectra is “not worse” than the
transcendence of RH. This last transcendence can be under-
stood from recent results of Lisovyy and al. (irregular con-
formal blocks).

A similar idea for the calculation of the QNM of black-holes

appears in articles of two Brazilian physicists, B. C. da Cunha and

J. P. Cavalcante 2020, RH being ‘calculated’ by confluent

conformal blocks.
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Isomonodromic deformations
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18 special solutions of Painlevé V
System of rank two with regular singular points at 0, ∞ and an
irregular singular point at 1 of slope one. Generically, there are 18
lines on the character variety, a cubic affine surface SV .
Special solutions correspond to pairings of local distinguished

subspaces by a simple continuous path.

(a)

(b)

Figure 2: (a) Pairing on the distinguished subspaces of the solution space cor-
responding to the 18 lines on SV .
(b) The two pairs of subspaces of the solution space (each attached to one
anti-Stokes direction) corresponding to the sectoral bases YI± .

gives the Fricke relation
F (X, a) = 0,

where

F (X, a) := X0X1X1 + X2
0 + X2

1 � ✓0X0 � ✓1X1 � ✓1X1 + ✓t,

and ✓l are functions of the parameter a = (a0, e1, a1),

✓0 = a0 + e1a1, ✓1 = e1, ✓1 = a1 + e1a0, ✓t = 1 + e1a0a1 + e2
1.

The wild character variety of PV is the complex surface

SV (a) = {X 2 C3 : F (X, a) = 0},

endowed with the algebraic symplectic form

!SV
=

dX0 ^ dX1

2⇡iFX1
=

dX1 ^ dX0

2⇡iFX1

=
dX1 ^ dX1

2⇡iFX0

.

The formula for the character variety of PV was derived in [PS09, section 3.2].

6

Figure: From Martin Klimes
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24 special solutions of Painlevé VI

In the Painlevé VI there are (generically) 24 special solutions
corresponding to the 24 lines on the affine surface. there are
27 = 24 + 3 lines on the (smooth) complete cubic surface.

Annexe C

Quelques représentations de surfaces
cubiques

Toutes les représentations de surfaces cubiques présentes dans cette annexe sont tirées du
site http://www.cubics.algebraicsurface.net qui en contient beaucoup d’autres, ainsi que
des vidéos montrant des déformations des surfaces cubiques. On pourra également consulter les
sites http://www.mathcurve.com et http://www.madore.org/∼david pour voir d’autres repré-
sentations de surfaces cubiques avec leurs droites.

Figure C.1 – La surface diagonale de Clebsch
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Figure: Smooth cubic surface: 27 lines

There is a similar mechanism for all the Painlevé equations.
Spectra for equations of the Heun Class correspond to lines
on affine cubic surfaces. The (wild) Riemann-Hilbert maps
algebraize the spectra.
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Figure: Smooth cubic surface: 27 lines

There is a similar mechanism for all the Painlevé equations.
Spectra for equations of the Heun Class correspond to lines
on affine cubic surfaces. The (wild) Riemann-Hilbert maps
algebraize the spectra.
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Canonical form of the Confluent Heun Equation

The Confluent Heun Equation (CHE) is a second order ra-
tional linear differential equation with two regular singular
points and an irregular singular point, that we can suppose
to be located at infinity (up to a Möbius transformation). A
canonical form is:

Da,c,d,ε,λ w ≡
d2w

dx2
+
(c
x
+

d

x − 1
+ ε
)dw
dx

+
ax − λ
x(x − 1)

w = 0,

where a, c , d ∈ C, ε ∈ C∗. This equation has three singular
points. The points 0 and 1 are regular singular. The point ∞ is
irregular with Katz rank 1. If a = ε = 0, then the equation
degenerates into a hypergeometric equation.
The monodromy exponents at 0 and 1 are respectively

(0, 1− c), (0, 1− d).

The generalised exponents at ∞ are

(a/ε, 0) and (c + d − a/ε , −εx).
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Canonical form of the Confluent Heun Equation

A rational second order linear differential equation with two
regular singular points and an irregular singular point of Katz
rank 1 can be transformed by a Möbius transformation and
an s-homotopic transformation into a CHE in canonical
form. The proof is easy. (There are 8 s-homotopic trans-
formations.) Be careful: the canonical form is not unique,
the differences of the exponents at the regular singular
points and of the exponential exponents at infinity are de-
fined only up to sign.
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Bôcher Symmetrical Form of CHE

The following form of the CHE is called Bôcher symmetrical
form. It appears frequently in applications, In particular in
quantum chemistry and in the study of linear perturbations
of black holes (angular equations):

Sτ,µ,β,ξ y − λy = 0

where µ, β, ξ, λ ∈ C, τ ∈ C∗ and

Sτ,µ,β,ξ y(x) =
d

dx

(
(x2 − 1)

d

dx

)
y(x)

+

(
τ2(x2 − 1) + 2iτβx − µ2 + ξ2 + 2µξx

x2 − 1

)
y(x).

For β = ξ = 0, we get a spheroidal equation (SE).

For ξ = 0, β ̸= 0, we get a Coulomb spheroidal equation (CSE).
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For any choice of the parameters the Bôcher symmetrical
equation has three singular points: the points +1 and −1
(symmetrical with respect to 0) are regular singular; infinity
is irregular with a Katz rank equal to 1. (For τ = 0, ∞ is a
regular singular point and the equation degenerates into a
hypergeometric equation.)

The exponents at x = 1 are ±(µ+ ξ)/2.
Those at x = −1 are ±(µ− ξ)/2.
The generalised exponents at infinity are (1 + εβ , iετ) for ε = ±.
The differences of exponents and exponential exponents are
(up to a sign):

µ+ ξ = J + 1 at x = 1, µ− ξ = K + 1 at x = −1,

(2β, 2iτx) at ∞.

These differences are invariant by an s-homotopic trans-
formation. This allows an easy comparison with the parame-
ters of a corresponding canonical form



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

For any choice of the parameters the Bôcher symmetrical
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Generalised polynomial solution

A generalised polynomial solution of a rational linear second
order equation is a solution f such that f ′/f is rational. It
corresponds to a polynomial solution of an equation
obtained by a a convenient s-homotopical transformation.

A generalised polynomial solution is the product of “elemen-
tary functions” and of a polynomial. In the CHE case:

f = (x − x1)
γ1(x − x2)

γ2eρx P = gP.

An operator D ∈ C(x)[d/dx ] admits a generalised polyno-
mial solution if and only if it factorizes as a product of two
operators of order one in C(x)[d/dx ].
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The first step of the Kovacic algorithm
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The first step of the Kovacic algorithm

Let D be a GSE (or a GSE in reduced form). There are 8
s-homotopic transformations transforming D into an ope-
rator Dθ in canonical form. If an operator in canonical form
admits a polynomial solution P, then one of its generalised
exponents at ∞ is (−N, 0), where N ∈ N. This gives a
necessary condition on the exponents for the existence of a
generalised polynomial solution for D.

This condition appears, independently of the Kovacic
algorithm, in a series of articles of P. Fiziev in black holes
mathematical theory.
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exponents at ∞ is (−N, 0), where N ∈ N. This gives a
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The first step of the Kovacic algorithm

The degree of a polynomial involved in a generalised polyno-
mial solution of a GSE in reduced form may be chosen
among one of the 8 following possible values:

N = −η1 − η−1 − ϵ∞β
where η1, η−1 are exponents respectively in ±1 and
ϵ∞ = ±1.
This implies the necessary conditions N ∈ N and

µ ± β ∈ Z∗ or ξ ± β ∈ Z∗

The s-homotopic transformation

v(x) = (x − 1)η1(x + 1)η−1 exp(ϵ∞iτx)w(x) = g(x)w(x)

changes the equation into a new one
Dθy = 0 (θ = g ′/g),

which is in canonical form.
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The first step of the Kovacic algorithm

We denote byMϵ =
(
Ui ,j

)
0≤i ,j∈N the infinite tridiagonal

matrix associated with the action of

(x2 − 1)Dθ ∈ C[x ][d/dx ]
on C[x ] = C[x − ϵ] endowed with the monomial basis(

(x − ϵ)k
)
k∈N.

The subdiagonal has one and only one null entry: RN+1 = 0.
Therefore the differential operator (x2 − 1)Dθ defines an
endomorphism of CN [x ]. We denote byMϵ

N+1 its matrix
and by ∆N+1 the determinant of this matrix.

The equation Dθy = 0 admits a polynomial solution P if and
only if the determinant ∆N+1 (of dimension N +1) vanishes.

The resulting solution of the initial GSE is

y(x) = (x − 1)η1−1/2(x + 1)η−1−1/2 PN(x) exp(ϵ∞iτx)
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Given a GSE Dy = 0 and an integer N ≥ 0 as above, we consider
the following facts:

1. one (or two) superdiagonal entry of a tridiagonal matrix
vanishes;

2. a determinant ∆N+1 factorises (into two or three terms);

3. at (at least) one of the regular singular points the difference
of exponents of D is entire ≥ 2 and there is no logarithm in
the corresponding local solutions (an apparent singularity of
Dθ);

4. a polynomial solution of degree N is a linear combination of
k ≤ N generalised Laguerre polynomials.

We got rather complete relations between such facts. It is quite

technical and I give only some indications.

This question was studied by Antoine Hautot around 1970. We

followed some of his ideas.
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Generalised Laguerre polynomials

We already met generalised Laguerre polynomials in the expression

of the Schrödinger solutions of the radial equation of the hydrogen

atom.

For k ∈ N and γ ∈ C, the generalised Laguerre polynomial of
degree k is :

L
(γ)
k (x) =

k∑

j=0

(
k + γ
k − j

)
(−1)j x

j

j!
·

For any γ ∈ C, and any N ∈ N:(
L
(γ)
0 = 1, L

(γ)
1 (x), · · · , L(γ)N (x)

)

is a basis of the vector space of polynomials of degree not greater
than N.
The polynomial L

(γ)
k satisfies the confluent hypergeometric

differential equation :

x
(
L
(γ)
k

)′′
(x) + (γ + 1− x)

(
L
(γ)
k

)′
(x) + kL

(γ)
k (x) = 0;

Ec,a where c = γ + 1, a = −k.
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Generalised Laguerre polynomials

If j , k ∈ N, and j ≤ k , then the polynomial L
(−j)
k (x) has

valuation j and more precisely :

L
(−j)
k (x) = (−x) j (k − j)!

k!
L
(j)
k−j(x).

If j ∈ N, then (
L
(−j)
k

)
k∈N,k≥j

is a basis of the vector space x jC[x ].
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Factorisation of the determinant ∆N+1 and apparent singularities

We denoteM(ϵ)
k+1 =

(
Ui ,j

)
0≤i ,j≤k

and by Θ
(ϵ)
k+1 its deter-

minant.

We suppose J ∈ N∗, ηϵ = −J/2 and J < N.

Then the determinant ∆N+1 = Θ
(ϵ)
N+1 factorises:

∆N+1 = Θ
(ϵ)
J+1Φ

(ϵ)
N−J .

This corresponds to the vanishing of a superdiagonal entry
of the tridiagonal matrixMϵ

N+1.

If the difference J +1 of the exponents at x = ϵ is an integer
≥ 2 and if there is no logarithm in the local solutions, we get
an apparent singularity up to an s-homotopic transformation.
The point x = ϵ is an apparent singularity of Dθ if and only

if Θ
(ϵ)
J+1 = 0 (log free condition in [MS] style).
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and by Θ
(ϵ)
k+1 its deter-

minant.

We suppose J ∈ N∗, ηϵ = −J/2 and J < N.

Then the determinant ∆N+1 = Θ
(ϵ)
N+1 factorises:

∆N+1 = Θ
(ϵ)
J+1Φ

(ϵ)
N−J .

This corresponds to the vanishing of a superdiagonal entry
of the tridiagonal matrixMϵ

N+1.

If the difference J +1 of the exponents at x = ϵ is an integer
≥ 2 and if there is no logarithm in the local solutions, we get
an apparent singularity up to an s-homotopic transformation.
The point x = ϵ is an apparent singularity of Dθ if and only

if Θ
(ϵ)
J+1 = 0 (log free condition in [MS] style).
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Factorisation of determinants and Laguerre polynomials

We can “simplify” the GSE by suppression of one of the regular
singular points. We get a confluent hypergeometric equation.
Then it is natural to use one of the two bases of “Laguerre

polynomials” L(±1)
k (x), k = 0, 1, · · · ,N, where

L(ϵ)
k (x) = L

(−1+2η−ϵ)
k (−2ϵ∞iτ(x + ϵ)).

The matricesML,(−ϵ)
N+1 andML,(ϵ)

N+1 of the operator Dθ in these
bases are tridiagonal, as in the bases of polynomials in x − 1 or
x + 1.
We have a miraculous result.

Lemma

The matricesML,(−ϵ)
N+1 andML,(ϵ)

N+1 are symmetric from each other
with respect to the second diagonal . Hence, for all
k ∈ {1, · · · ,N + 1}:

Θ
L,(ϵ)
k = Φ

L,(−ϵ)
k .

This result is the (mysterious) key of our main theorem and
of other results.
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With the same hypotheses and notation as above on J and
N, we get factorisations:

∆N+1 = Θ
L,(ϵ)
J+1 × Φ

L,(ϵ)
N−J = Φ

L,(−ϵ)
J+1 ×Θ

L,(−ϵ)
N−J .

and equalities:
Θ

(ϵ)
J+1 = Θ

L,(ϵ)
J+1 = Φ

L,(−ϵ)
J+1 , Φ

(ϵ)
N−J = Φ

L,(ϵ)
N−J = Θ

L,(−ϵ)
N−J .

If J,K are integers such that 1 ≤ J,K ≤ N − 1, then there
is a factorisation of ∆N+1 in three factors (vanishing of two
superdiagonal terms).

We use this fact to prove that the Regge-Wheeler equation
(with spin σ = 2) appearing in the perturbation theory of
the Schwarzschild black hole admits a generalised polyno-
mial solution with a corresponding polynomial P2s+1 of de-
gree 2s + 1 which is the sum of only 4 generalised Laguerre
polynomials.
This proves the remarkable efficiency of the Laguerre bases.
These bases are also the key of the proof of our main
theorem.
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When the first step of Kovacic’s algorithm finds a basis of solutions

According to Meixner and Schäfke, in the SE case
(β = ξ = 0), the Kovacic algorithm finds a basis of
generalised polynomial solutions if and only if the order |µ| is
a positive integer and if Aµ = 0, where Aµ ∈ C[λ, τ ] is a
polynomial obtained from the non existence of a logarithm in
the local solutions at ±1. If there is a generalised polynomial
solution, then there is a basis of such solutions because of
the symmetry x 7→ −x of the equation.

The Kovacic algorithm gives a determinant proportional to
Am.

The case β = 0, ξ ̸= 0 is open
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When the first step of the Kovacic algorithm finds a basis of solutions

We consider a CHE with the irregular singular point at ∞.
We denote by (2β, 2τx) the difference of the generalised
exponents at ∞.
We suppose that the three diffferences of exponents

J + 1, K + 1, 2β
are positive integers and that J,K ≥ 1. Without loss of
generality we suppose J > K .

The possible values for N are

N1 =
J+K
2 − β, N2 =

J+K
2 + β.

We have N1 < N2.

Let ∆N1+1 = 0 and ∆′
N2+1 = 0 be the corresponding

necessary and sufficient conditions for the existence of
suitable polynomials.

In the GSE case, for J,K , β fixed, these two determinants
are polynomials in (λ, τ).
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When the first step of the Kovacic algorithm finds a basis of solutions

Theorem

1. If β ≥ J−K
2 , for all τ ∈ C∗, λ ∈ C such that ∆N1+1 = 0, then

the equation admits a basis of generalised polynomial
solutions of the form

v1(x) = (x − 1)−J/2(x + 1)−K/2PN1(x)e
−iτx

v2(x) = (x − 1)−J/2(x + 1)−K/2PN2(x)e
iτx .

with polynomials PN1 and PN2 of degree N1 and N2

respectively.

Moreover, PN2 is a linear combination of J suitable
generalised Laguerre polynomials.

2. If β < J−K
2 , then there exists ΦK+1 ∈ C[λ, τ ] (a determinant

of order K + 1) which is a common factor of ∆N1+1 and
∆′

N2+1.
For all τ ∈ C∗ and λ ∈ C such that this factor vanishes,
there is a basis (v1, v2) of solutions as above.
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One parameter algebraic families of CHE with a diagonalisable

differential Galois group

We return to the GSE case. The existence of families of GSE with
a diagonalisable Galois group is a consequence of the factorisation
of the determinants. The phenomenon emerged with the use of
Laguerre bases.

We suppose β ̸= 0. Then a necessary condition for the existence
of one parameter algebraic families of CHE with a basis of gene-
ralised algebraic solutions is that the three differences of
exponants J + 1, K + 1, 2β are positive integers, J,K ≥ 1. We
have J ̸= K and without loss of generality we suppose J > K . We
suppose J, K , β fixed

Using the theorem, we get the (only) two cases for which the GSE
admits a basis of generalised polynomial solutions all over an
algebraic curve of the (τ, λ) plane.

In each case one equation is calculable, ∆N1+1 = 0 in the first case

and ΦK+1 = 0 in the second. In the first case all the equations

admitting a generalised polynomial solution belongs to the curve.
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One parameter algebraic families of CHE with a diagonalisable

differential Galois group

In the second case of the theorem, the intersection

{∆N1+1 = 0} ∩ {∆N2+1 = 0}

is the union of the algebraic curve {ΦK+1 = 0} and of an
algebraic set X . Generically X is a finite set but, a priori, it
could in some cases contain an algebraic curve.

We proved the theorem using bases of Laguerre polynomials
and corresponding factorisations.
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Transcendental approach

3-points connections
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Generalised polynomial solutions and 3-points connections

We can connect the 3 singular points x1, x2, x3 of a CHE
(or 3 singular points of a Heun equation) by an open disc U
of the Riemann sphere, that is x1, x2, x3 ∈ ∂U ≈ S1 (and in
the Heun case x4 /∈ U).

Proposition

A 3-special solution of a Heun equation or of a CHE is a
generalised polynomial.

This is well known in the Heun case. After reduction of the
equation to a convenient canonical form, the result follows
immediately from Liouville theorem.
For the CHE, we reduce also the equation to a convenient
canonical form. Then we must prove that an entire function
which is a local special solution at infinity is a polynomial.
This follows from an argument of summability followed by
the application of the Liouville theorem.
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THE CONNES-MOSCOVICI PROLATE SPECTRUM

A work in progress,
J.P. R., Françoise Richard-Jung, Jean Thomann



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

THE CONNES-MOSCOVICI PROLATE SPECTRUM

A work in progress,
J.P. R., Françoise Richard-Jung, Jean Thomann



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

Figure: Alain Connes

Figure: Henri Moscovici
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In 2021, Alain Connes and Henri Moscovici discovered a new
spectrum for the prolate spheroidal operator of order zero
WΛ = − d

dx (Λ
2 − x2) d

dx + (2πΛx)2.

This (formally) Sturm-Liouville operator admits two
(logarithmic) regular-singular points at ±Λ and an irregular
singular point at infinity. For CM, Λ > 0.
The classical spectrum is very well known. It is related to
[−Λ,Λ]. The eigenvalues are ≥ 0.
The CM-spectrum is the spectrum of a self-ajoint exten-
sion WΛ,sa to R of WΛ introduced by A. Connes in 1998.
CM consider mainly the even spectrum.
This spectrum is discrete. It contains a replica of the clas-
sical even spectrum and new negative eigenvalues µn.

CM uncovered a ”miracle”: for Λ =
√
2, these negative

eigenvalues reproduce the UV behaviour of the squares of
the imaginary parts of the non trivial zeroes of the Riemann
zeta function.
The UV prolate spectrum matches the zeros of zeta.
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The CM-spectrum is the spectrum of a self-ajoint exten-
sion WΛ,sa to R of WΛ introduced by A. Connes in 1998.
CM consider mainly the even spectrum.
This spectrum is discrete. It contains a replica of the clas-
sical even spectrum and new negative eigenvalues µn.

CM uncovered a ”miracle”: for Λ =
√
2, these negative

eigenvalues reproduce the UV behaviour of the squares of
the imaginary parts of the non trivial zeroes of the Riemann
zeta function.

The UV prolate spectrum matches the zeros of zeta.
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Fourier transform and limitation operators

Fourier transform F : L2(R)→ L2(R), defined by

f (x) 7→ Ff = f̃ (y) =

∫

R
f (x)e−2iπxydx

Space-limitation operator PΛ : L2(R)→ L2(R), defined by
PΛf = 1[−Λ,Λ]f .

Multiplication by the characteristic function 1[−Λ,λ].

We set P̃Λ = FPΛF−1, Band-limitation operator.
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The prolate operator WΛ is formally selfadjoint. A. Connes
introduced in 1998 a self-adjoint extension of WΛ.

We have a symmetric operator WΛ,min : S(R)→ S(R)
defined on the Schwarz space. The Connes self-adjoint
extension WΛ,sa is the unique self-adjoint extension

commuting with PΛ and P̃Λ.
Moreover it commutes with the Fourier transform F.

Therefore WΛ,sa commutes with the angle operator PΛP̃ΛPΛ.
This miraculous commutation property, “the lucky accident”
was (re)discovered by a Bell Labs group, around D. Slepian,
in relation with the study of transmission of signals.
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The spectrum of WΛ,sa is discrete and unbounded on both
sides; its negative eigenvalues are simple, while its positive
eigenvalues (with possibly finitely many exceptions) have
multiplicity two.
The non classical eigenfunctions are identically zero on
]− 1, 1[. They belong to the Sonin space.

Conjecture (in CM). The non classical eigenvalues are
negative.
This was proved later by F. Richard-Jung, J. Thomann and
J.P. R.

If φ is an eigenfunction of WΛ,sa, then the leading term of its
“asymptotic expansion” at infinity is proportional to

sin(2πΛx)

x

if φ is even and is proportional to

cos(2πΛx)

x

if φ is odd.
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Spheroidal operators of arbitrary order

Setting τ = 2πΛ2 and x = Λx̃ we rescale the band [−Λ,Λ]
into [−1, 1]. The operator WΛ is transformed into Dτ

(x̃ ← x):

Dτ = − d

dx
(1− x2)

d

dx
+ τ2x2 τ ∈ C

Spectral version Dτ − µy = 0, µ ∈ C.
The spheroidal operators Dτ are a subfamily of the operators

Dτ,m := (x2−1)

(
d

dx

)2

+2x
d

dx
+

(
τ 2x2 − m2

x2 − 1

)
, τ,m ∈ C.

The parameter m is called the order. The differential
operator Dτ,m is called (abusively) a spheröıdal wave
operator. If τ2 is a positive real, then Dτ,m is called prolate.
If τ2 is a negative real, then Dτ,m is called oblate.
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The traditional spheroidal operators appearing in the study
of Helmoltz equations are slightly different:

Sτ,m := (x2 − 1)

(
d

dx

)2

+ 2x
d

dx
+

(
τ 2(x2−1)− m2

x2 − 1

)
.

Then Dτ,m − µ = Sτ,m − λ, where µ = λ+τ2. Be careful
with the spectral shift.
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The classical prolate spectrum. Eigenfunctions

We consider only the order zero case (m = 0).

By definition (the naive definition) a function solution φ on
]− Λ,Λ[ is an eigenfunction of WΛ on ]− Λ,Λ[ if it is
bounded at x = ±Λ.
This definition was extended to Λ complex by Meixner and
Schäfke 1954.

The eigenfunctions are even or odd.

Equivalently φ is analytic at −Λ and Λ [MS]. This function
connects two local analytic solutions (invariant by the local
monodromy) along [−Λ,Λ].

Analytic definition of the spectrum.
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Schäfke 1954.

The eigenfunctions are even or odd.

Equivalently φ is analytic at −Λ and Λ [MS]. This function
connects two local analytic solutions (invariant by the local
monodromy) along [−Λ,Λ].

Analytic definition of the spectrum.



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

Symmetry

Using the symmetry x 7→ −x , we can generalize our notions
of special solution and of analytic spectrum.

We consider the fixed point 0 as a “singular point” and the
lines of even or odd solutions at this point as distinguished
lines.

Infinity is also a fixed point and we consider the lines of
formal even or odd solutions as formal distinguished lines
and their sums as distinguished lines.
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Symmetry
The equation Wλy = 0 is invariant by the symmetry
x 7→ −x , which fixes 0 and ∞. Then 0 is a “false singular
point”. An eigenfunction φ connects an analytic solution at
Λ and an even (or odd) solution at 0 (which is necessarily
analytic).

Another analytic definition of the spectrum.

If yI = P(Λ− x) is the analytic solution at x = Λ, then

▶ the even spectrum is given by y ′I (0) = 0

▶ and the odd spectrum by yI (0) = 0.

The functions yI (τ
2, µ)(0) and y ′I (τ

2, µ)(0) are entire of
exponential order ≤ 1/2 in (τ2, µ) ∈ C2. Cf. [MS].

Then yI (τ
2, µ)(0) and y ′I (τ

2, µ)(0) are functional de-
terminants. This allows efficient numerical computations of
the eigenvalues.
There are infinite product formulas if Λ ∈ R [MS]. (The
eigenvalues are simple zeros.)
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The CM spectrum. Eigenfunctions

We consider the restrictions of the CM eigenfunctions, even
or odd, to ]Λ,+∞[. One dimensional subspaces.

A function φ on ]Λ,+∞[ is the restriction of a CM-eigen-
function if it is a solution of WΛ, it is bounded at x = Λ and

▶ φ = c sin(2πΛx)
x + O(1/x2) in the even case

▶ cos(2πΛx)
x in the odd case.

We denote (abusively) φ ∼ c sin(2πΛx)
x .

Equivalent definition: φ is analytic at x = Λ and at ∞ it is
the 1-sum (Borel-sum) in the direction R+ of an even (resp.
odd) formal solution.

Analytic definition of the spectrum

by summation and analytic connection.
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Sonin space

Sonin space: functions of L2(R) which vanishes identically
near the origin as well as their Fourier transform.

Introduced by L. de Branges. Non triviality is not evident.
A. Connes and H. Moscovici proved:

The non classical CM eigenfunctions belong to the Sonin
space.

Before [CM], A. Connes and C. Consani used Sonin space for
their study of Weil’s positivity.
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Functional determinant

In spectral theory, a functional determinant is an entire
function F (µ) whose zeros are the eigenvalues. In some
works functional determinants are obtained using analytic
continuation (Gelfand-Yaglom, Volkmer, . . . ).

We use a similar idea.
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Functional determinant by analytical matching

We work with Dτ . Let ψ ∼ − sin τx
x interpreted as a Borel

sum of a formal solution.

Basis of solutions at x = 1: (yI , yII ), yI is analytic,
yI (1) = 1, W (yI , yII ) =

1
1−x2

: [MS] normalization.

We have ψ = αyI + βyII : connection formula for 1↔ +∞.
Then

α = W (ψ, yII )/W (yI , yII ) = (1− x2)W (ψ, yII ),
β = W (ψ, yI )/W (yI , yII ) = (1− x2)W (ψ, yI ))

For τ = τ0 fixed, yI and ψ are entire functions of the
spectral parameter µ, of order ≤ 1/2. Therefore

F (τ0, µ) = −W (ψ, yI )(
√
2)(τ0, µ) = β

and F is a functional determinant for the CM spectrum.
This allows a numerical computation of the CM eigenvalues.
Moreover F (τ0, µ) is entire of order ≤ 1/2. (Proved with
Reinhard Schäfke’s help for ψ; [MS] for yI .).
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Some progresses

We discovered new eigenfunctions for the non classical part
of the CM spectrum. These new eigenfunctions allow a very
easy and efficient computation of the eigenvalues.

Using our new very elementary definition of the non trivial
part of the CM spectrum, we can prove that the non
classical CM eigenvalues are negative. This was conjectured
by CM. After their work it remained the possibility of a finite
set of positive new eigenvalues.

We guessed the new eigenfunctions from the fact that the
Connes-Moscovici eigenfunctions belongs to the Sonin space,
thinking to the counterpart of this fact for the complex
analytic solutions.
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Using our new very elementary definition of the non trivial
part of the CM spectrum, we can prove that the non
classical CM eigenvalues are negative. This was conjectured
by CM. After their work it remained the possibility of a finite
set of positive new eigenvalues.

We guessed the new eigenfunctions from the fact that the
Connes-Moscovici eigenfunctions belongs to the Sonin space,
thinking to the counterpart of this fact for the complex
analytic solutions.
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Naive eigenvalues

The classical prolate eigenvalues are the µ ∈ C such that
Dτ − µ admits a bounded solution on ]− 1, 1[. If τ ∈ R∗,
they are real positive.

We consider now, for τ > 0, the naive eigenvalues on the
imaginary axis, that is the µ ∈ C such that Dτ − µ admits a
bounded solution on Ri =]− i∞,+i∞[.
We proved that if µ is a naive eigenvalue on Ri , then
▶ µ is real and µ < 0;

▶ the eigenspaces are of dimension one;

▶ the eigenfunctions are even or odd and they admit an
exponential decay at infinity on Ri (at ±i∞).

We also proved that µ is a naive eigenvalue on Ri if and
only if it is a non-classical CM eigenvalue. This implies that
the naive spectrum is infinite, in particular non void ! (No
direct proof.) This implies also that the non classical CM
eigenvalues are negative.
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The CM eigenfunctions as boundary values of the naive

eigenfunctions

How to recover the (non-classical) CM-eigenfunctions from
the new eigenfunctions ?

We recall that if U ⊂ C is open and if f is holomorphic on
U, then f admits a boundary value at t ∈ U ∩ R if the limit

limε→0,ε>0 f (t − iε)− f (t + iε)
exists. By definition, this limit is the boundary value BVf (t).

If µ is a naive eigenvalue on iR, then the naive eigenfunction
is the sum of a (even or odd) power series solution at 0 of
Dτ − µ. This solution extends analytically into an
holomorphic function f on the cut plane
C \ ([0,+∞[∪]−∞,−1[). Then the boundary value BVf is
a CM eigenfunction. If f is even (resp. odd), then BVf is
odd (resp. even).
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Numerical computation of the CM-eigenvalues

Connes and Moscovici used a quite rough computation of
their eigenvalues based on a matching of oscillating functions
(it suffices for their purposes in relation with zeta zeros). We
introduced an efficient method (“analytical matching”),
based on analytic continuation and Borel summation.
However the computations are rather complicated and
lengthy, due mainly to problems with numerical
resommation. Using our new eigenfunctions we got a very
simple, quick and efficient method that I will explain.

In 1981, in his PhD thesis in Strasbourg, Jean-Louis Callot
proposed a very similar method for a description of the
Hermite (and similar) spectrum: “opening the curtains”. In
fact, for τ big, prolate and Hermite spectrums are “similar”
as I will explain later.
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Connes and Moscovici used a quite rough computation of
their eigenvalues based on a matching of oscillating functions
(it suffices for their purposes in relation with zeta zeros). We
introduced an efficient method (“analytical matching”),
based on analytic continuation and Borel summation.
However the computations are rather complicated and
lengthy, due mainly to problems with numerical
resommation. Using our new eigenfunctions we got a very
simple, quick and efficient method that I will explain.

In 1981, in his PhD thesis in Strasbourg, Jean-Louis Callot
proposed a very similar method for a description of the
Hermite (and similar) spectrum: “opening the curtains”. In
fact, for τ big, prolate and Hermite spectrums are “similar”
as I will explain later.
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Opening the curtains

We start from an odd (resp. even) power series solution at
x = 0 and we search µ such that its sum remains bounded
on iR+.
We use a dichotomy method. It is similar to the case of the
“chasse au canard” (duck hunting) studied by the Reeb
school.
If µ̃ is close to a naive eigenvalue µ < 0, with µ̃ ̸= µ then
the corresponding eigenfunction “explodes at ±i∞”. We
rotate the picture, replacing x by ix and we consider the
graphs of the functions on [0,+∞[. Then, we observe an
explosion at ≈ x0: the graph looks like a vertical half-line
going up or down. Before we observe a domain of
oscillations on [0, x0[. We move µ̃ (upward or lowward). If
the explosion occures later (x0 bigger), then we are nearer µ.
If a upper vertical half-line becomes a lower vertical half-line
(or conversely), then we have crossed µ.
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Opening the curtain
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Numerical experiments

We used SageMath with a great certified precision for our
curves (Marc Mezzarobba’s package). The choice between
upper or lower explosion on our pictures is “sure” even if not
formally certified. Our intervals for the eigenvalues are sure.

Our conjectures on the number of zeroes allow to guess the
waited sign for the explosion.
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Numerical experiments
First even negative eigenvalue. CM value: -39.

Our analytic matching value: -39.383216574(4)

Curtain method:

DOWN: -39.3832165745

UP: -39.383216574261; BEST CURVE.

-1.64464636656488169457928530982428749920232222827327144335608e8

f_axe_imaginaire(5)

P0=plot(f_axe_imaginaire,-5,5,color='black')
show(P0+text("1e8",(0.5,2e8),fontsize=10,color='black'))

show(P0+P5,ymin=-0.2,ymax=0.2)

mu_moins39 http://localhost:8888/nbconvert/html/mu_moins39.ipy...

13 sur 14 27/06/2024 11:07
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Numerical experiments

−39.38321657426153947615056322 < µ
µ < −39.38321657426153947615056317.
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On the right, first even negative eigenvalue:

µ = −39.383216574261539476150563

Equivalently, we could choose the trailing term as �ix. To avoid complex values, it is
much easier to perform the analytic continuation on R of the odd and even series at 0 of
Ď⌧ .
On each figure, we verify the parity of the function ��n(ix) and the fact that the function
has n� 1 zeros on [�1,1].

Figure 15 – On the left, µ = �13.302746383291562537423945840869 is the first negative
eigenvalue, it is an odd eigenvalue. The function ��1(ix) is even.
On the right, µ = �39.383216574261539476150563 is the second negative eigenvalue, it is
an even eigenvalue. The function ��2(ix) is odd.

Figure 16 – On the left, µ = �66.390298138257091870750673857875 is the third negative
eigenvalue, it is an odd eigenvalue. The function ��3(ix) is even.
On the right, µ = �94.2808337708104834598631334 is the fourth negative eigenvalue, it
is an even eigenvalue. The function ��4(ix) is odd.

8
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Numerical experiments
Negative eigenvalue of rank n = 148. CM value: −9100.
Our analytic matching value: −9104.3331714128495040.
Curtain method:

DOWN: −9104, −9104.3331, −9104.3331714128495039
UP: −9104.3332, −9104.3331714128495040
BEST VALUE, BEST CURVEEntrée [44]:

Entrée [51]:

Entrée [50]:

Entrée [ ]:

P4=plot(f_axe_imaginaire,0,13,color='green')

show(P+P1+P2+P3+P4,ymin=-0.01,ymax=0.01)

show(P+P1+P2+P3+P4,ymin=-0.01,ymax=0.01,xmax=2)

mu_moins9104 - Jupyter Notebook http://localhost:8888/notebooks/mu_moins9104.ipynb

5 sur 6 27/06/2024 11:07
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−9104.3331714128495039 < µ < −9104.3331714128495040

Our best upper and lower bounds (it is easy to improve):

−9104.3331714128495039985 < µ < −9104.3331714128495039994.
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LINEAR PERTURBATIONS OF BLACK-HOLES

Algebraically special solutions and Quasi-Normal-Modes
A work in progress,

Anne Duval, Michèle Loday-Richaud and J.P. R.
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The mathematical theory of black holes

Figure: Subrahmanyan Chandrasekhar
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Black holes
In 1915, Albert Einstein developed his theory of general
relativity. A few months later, Karl Schwarzschild found a
solution to the Einstein field equations that describes the
gravitational field of a punctual mass. It was later inter-
preted as a black hole.

Figure: From The mathematical theory of black holes
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ds2 =

(
1− 2GM

c2r

)
dt2 − dr2(

1− 2GM
c2r

) − r2(dθ2 + sin2 θdφ2)

This metric is singular at the Schwarzschild radius (the
horizon)

rS = 2GM
c2

.

Figure: Karl Schwarzschild 1873-1916
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Linear perturbations of black holes
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Linear perturbations of black holes

Perturbations of stars and black holes have been one of the
main topics of relativistic astrophysics for the last few
decades. They are of particular importance today, because of
their relevance to gravitational wave astronomy.

A perturbation of a black hole can be either gravitational or
electromagnetic or scalar (or by neutrinos ...). For example
the field that accompanies a particle falling along a geodesic
of the geometry, produced by the black hole, can be
considered as a perturbation on the background geometry.
The mathematical treatment of the black hole perturbation
theory (in the Schwarzschild case) was first originated by
Regge and Wheeler and later was continued by Zerilli. Their
motivation was the problem of stability of black holes.
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Regge and Wheeler and later was continued by Zerilli. Their
motivation was the problem of stability of black holes.



A complex analytic
approach

J.P. Ramis

Presentation

Classical spectra

Analytic spectra

What happened in
Arosa in 1925 ?

Spectra of the
Heun class

Generalised
polynomial
solutions of CHE

The
Connes-Moscovici
prolate spectrum

Linear
perturbations of
black-holes

Linear perturbations of black holes

I quote Chandrasekhar (The mathematical theory of BH):

.“The treatment of perturbations of Kerr spacetime has been
prolixious in its complexity. Perhaps at a later time the
complexity will be unraveled by deeper insights. But
meantime the analysis has led into a realm of the rococo,
splendorous, joyful and immensely ornate.”

The exuberant decoration of baroque churches is carried by a sim-

ple and beautiful architecture. I think that similarly the rococo

and immensely ornate world of black-holes linear perturbations is

carried by a simple (!) and beautiful ‘geometry’. A candidate for

this geometry is the theory of wild linear representations and wild

Riemann-Hilbert map. Painlevé five, its (wild) fundamental group

and its wild character variety, an affine cubic surface, seem central

(as ellipses in baroque architecture).

A similar idea appears in articles of two Brazilian physicists, B. C.

da Cunha and J. P. Cavalcante 2020, RH being ‘calculated’ by

confluent conformal blocks.
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and its wild character variety, an affine cubic surface, seem central

(as ellipses in baroque architecture).

A similar idea appears in articles of two Brazilian physicists, B. C.

da Cunha and J. P. Cavalcante 2020, RH being ‘calculated’ by

confluent conformal blocks.
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Linear perturbations of black holes

I quote Chandrasekhar (The mathematical theory of BH):

.“The treatment of perturbations of Kerr spacetime has been
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San Andrea al Quirinale in Roma.

Architect and decorations drawings: Gian Lorenzo Bernini.
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Regge-Wheeler and Zerilli equations

The equations governing the evolution of external sourceless test
fields (be it scalar, electromagnetic, or a perturbation of the
gravitational field itself) on the background geometry of a
Schwarzschild black hole can be reduced to a single second order
linear ordinary differential equation (the radial equation obtained
after a separation of variables for the Klein-Gordon equation
corresponding to the linearisation of the problem):

ψ = e i(ωt+mϕ)S(θ)R(r).

The perturbations of a Schwarzchild metric are classified into two
types, namely, axial (odd) and polar (even) perturbations, a ter-
minology introduced by S. Chandrasekhar.
The equation for axial perturbations is called the Regge-Wheeler
equation (1957) and the equation governing polar perturbations is
called the Zerilli equation (1970).

These equations are named after Tullio Regge, John Archibald

Wheeler and Frank J. Zerilli.
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Regge-Wheeler equation

We choose units such that G = c = M = 1. In these units
the Schwarzschild horizon is at r = 2. We introduce the
tortoise coordinate r∗ defined by

r∗ = r + log(r − 2).
In this coordinate the horizon r = 2 corresponds to
r∗ = −∞. The coordinate r∗ take its values in R.

The Regge-Wheeler equation is

(
−
(

d

dr∗

)2

+ V (r(r∗))− ω2

)
ψ = 0.

with the Regge-Wheeler potential

V (r) =

(
1− 2

r

)(
ℓ(ℓ+ 1)

r2
+

2(1− σ2)

r3

)
,

There are solutions on the real line behaving as ψ ∼ e±iωr∗

at infinity (outgoing and ingoing waves at r∗ = ±∞).
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A CHE form of the RW equation

The RW equation describes the radial dependence of a
spin-σ perturbation of the background, with orbital angular
momentum ℓ ∈ N and time dependence e−iωt .

We set s2 = −4ω2. By changing the independent variable
from r∗ to r and using the s-homotopic transformation

defined by g =
(
1− 2

r

)−1/2
, we get the equation

d2ϕ

d2r
− Rϕ = 0,

where R(r) =
r2

(r − 2)2

(
V (r) +

s2

4
− 2

r3
+

3

r4

)

Using the change of independent variable by translation
x = r − 1 we get an equation in reduced form with regular
singular points at x = ±1.
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A GSE reduced form of the RW equation

Using the change of independent variable x = r − 1, we get
a GSE in reduced form with parameters satisfying the two
conditions

µ+ ξ + 4iτ = β + 2iτ = 0.
We have
τ = is/2, µ = s + σ, ξ = s − σ, β = s, λ = 2s2 + ℓ(ℓ+ 1).

We have
e−iωr∗ = e−

s
2
(x+1)(x − 1)

s
2 ,

giving asymptotics corresponding to a pure wave at x = 1
(i.e. r = 1, r∗ = −∞) and

e−iωr∗ ∼ e−
s
2
xx

s
2

at x = +∞ (i.e. r = +∞, r∗ = +∞).

We get an interpretation of the local special solutions at
x = 1 and x =∞ as pure waves and the physical
explanation of the two conditions.
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Quasi Normal Modes

Natural oscillation frequencies of BHs, their “song”

Analogy with a ringing bell or a striken wine glass
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Quasi Normal Modes (QNM)
The fingerprint of a black hole

The quasinormal modes of black holes were discovered by
Vishveshwara in 1970 and popularized by Chandrasekhar.

The gravitational waves emitted by a perturbed black hole
are described by a superposition of exponentially decaying
sinusoidal modes, called quasinormal modes (QNMs), whose
complex frequencies depend only on the properties of the
black hole (mass, kinetic moment and charge).
The real part of these frequencies corresponds to the
frequency of vibration, and the imaginary part corresponds
to the rate at which each mode is damped as a result of the
emission of radiation.
QNM correspond to solutions of the perturbation equations
satisfying purely ingoing conditions at the event horizon and
purely outgoing conditions at infinity.
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Gravitational waves and black holes

Observations a century after the fundamental predictions of
Einstein (in 1916) and Schwarzschild (in december 1915)
about GW and BH.

I quote the conclusion of B. P. Abbott and al.
announcement (11 February 2016):

The LIGO detectors have observed gravitational waves from
the merger of two stellar-mass black holes. The detected
waveform matches the predictions of general relativity for the
inspiral and merger of a pair of black holes and the ringdown
of the resulting single black hole. These observations
demonstrate the existence of binary stellar-mass black hole
systems. This is the first direct detection of gravitational
waves and the first observation of a binary black hole merger.
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Figure: Binary system of coalescing BHs
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Observation of Gravitational Waves from a Binary Black Hole

Merger. First detection of GWs and observation of the BH QNMs

The first direct observation of gravitational waves was made on 14

September 2015 and was announced by the LIGO and Virgo

collaborations on 11 February 2016. (The names of authors cover

three pages.) It was also the first direct observation of a binary

black hole merger.

H1observed

Numericalrelativity

Reconstructed(wavelet)
Reconstructed(template)

Residual

M

L1observed

H1observed(shifted,inverted)

Numericalrelativity

Reconstructed(wavelet)
Reconstructed(template)

Residual

1 ⁄ 3

More details
First observation of gravitational waves by LIGO (signal GW150914). Shows the gravitational
wave signals received by the LIGO instruments at Hanford, Washington (left) and Livingston,

CC BY 3.0

File: LIGO measurement
of gravitational waves.svg

Created: 11 February
2016

Uploaded: 23 March
2016

B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration) — full list at the
end of the article - http://physics.aps.org/featured-article-
pdf/10.1103/PhysRevLett.116.061102 . See also the associated Jupyter notebook.

The signal ... matches the waveform predicted by general relativity

for the inspiral and merger of a pair of black holes and the

ringdown of the resulting single black hole.
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BH ringdown

The BH ringdown is the final stage of the GW signal emitted by a

binary system of coalescing BHs. As the name suggests, the

remnant BH, rings for a short time after the merger, as it settles

down to an equilibrium configuration. The physics of the ringdown

can be well understood within the framework of BH perturbation

theory; QNM.
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Our mathematical interpretation of pure waves

Physicists gave characterisations of purely ingoing (resp. out-

going) conditions in terms of particular solutions of the radial

equations at the singular points. Recently some authors proposed

a precise description in terms of monodromy and Stokes pheno-

menon. I quote A. Castro and al. 2013 (they consider the Kerr

case, the Schwarzschild case is similar but easier):

Therefore, our first task is to define ingoing and outgoing modes

at the outer horizon and infinity, keeping the role of the mono-

dromy as explicit as possible throughout the process.

In this line, we define locally (at a singular point, correspon-
ding to the horizon or at infinity) a pure wave solution as a
local special solution in KPR sense, that is

▶ a solution invariant by the local monodromy at a
regular singular point (horizon);

▶ a 1-sum of a purely exponential formal solution at
infinity.
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The QNM spectrum as an analytic spectrum

Our definition of a pure wave solution at a regular singular point,

corresponding to the Schwarzschild horizon, is natural if one uses

the tortoise coordinate: r∗ = r + log(r − 2).

Then the QNM spectrum is defined as an analytic spectrum

associated to the connection between a regular singular point and

an irregular singular point.

This allows a possible calculation by analytic matching, using
numerical summability and analytic continuation (Marc Mezza-
robba’s package in Sagemath). We used this method for one of
our calculations of the Connes-Moscovici spectrum.
One of the classical methods of calculations of QNM is based on
an argument of continued fractions derived from a similar case in
quantum chemistry [Leaver].

Our approach could give more precise and faster calculations. An

efficient method of numerical summability is waited.
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Algebraically Special Solutions
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Algebraically Special Solutions

In black holes theory, some authors considered algebraically
special perturbations. Such perturbations excite gravita-
tional waves that are all either purely ingoing or purely out-
going.

S. Chandrasekhar calculated the algebraically special
solutions in terms of “elementary functions” and a quadra-
ture (generalised polynomial). Later Evangelos Melas noti-
ced that this corresponds to the case n = 1 of the Kovacic
algorithm (already used by Couch and Holder for similar pro-
blems), that is to generalised polynomial solutions. In his
proof, Chandrasekhar used various approaches and in
particular the fact that a sufficient condition for the existence
of algebraically special perturbations is the vanishing of the
Starobinsky constant. We propose a different approach and
a new and simple explanation of the Chandrasekhar’s result:

Algebraically special solutions correspond to 3-points connections,

they are 3-special solutions.
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solutions in terms of “elementary functions” and a quadra-
ture (generalised polynomial). Later Evangelos Melas noti-
ced that this corresponds to the case n = 1 of the Kovacic
algorithm (already used by Couch and Holder for similar pro-
blems), that is to generalised polynomial solutions. In his
proof, Chandrasekhar used various approaches and in
particular the fact that a sufficient condition for the existence
of algebraically special perturbations is the vanishing of the
Starobinsky constant. We propose a different approach and
a new and simple explanation of the Chandrasekhar’s result:

Algebraically special solutions correspond to 3-points connections,

they are 3-special solutions.
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Algebraically Special Solutions

In the algebraically special case for the Schwarschild black
hole it happens a ‘miracle’ at the center of the black hole,
its singularity:
all the solutions of the radial Regge-Wheeler equation are
meromorphic at r = 0.

This was noticed by some physicists.
We give a rigorous mathematical proof using our results
(differential algebra) and another proof using the computa-
tion by Chandrasekhar of the Starobinsky constant |C|2.
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Differential algebraic approach
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Algebraically special solutions from our main results

If 2σ is an integer (in particular σ = 0, 1, 2) and ℓ is an
integer, then the difference of exponents at x = ±1 are
integers and we can apply our main results. If a convenient
determinant ∆σ vanishes, then then there exists a basis of
generalised polynomial solutions.
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Algebraically special solutions in the gravitational case

In the gravitational case σ = 2. We define s = −2iτ . Then
∆σ = 6s − (ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)). The roots of ∆σ = 0 are
given by

s = (ℓ−1)ℓ(ℓ+1)(ℓ+2))
6 ·

We suppose that ℓ is an integer, ℓ > 1. Then s is a positive
integer and there is a polynomial P2s+1(x) of degree 2s + 1 such
that the RW equation (in GSE form) with parameters (s, σ, ℓ),
admits the basis of solutions

y1(x) = (x − 1)
1
2−s(x + 1)−

3
2

(
x + 1 +

6

(ℓ− 1)(ℓ+ 2)

)
e−sx/2.

y2(x) = (x − 1)
1
2−s(x + 1)−

3
2P2s+1(x)e

sx/2.

The generalised polynomial solution y1 was discovered by
Chandrasekhar. He derived y2 in integral form. The gene-
ralised polynomial expression of y2 was discovered by Melas
using the Kovacic algorithm. For ℓ = 2, Melas calculated the
polynomial P2s+1 = P9 of degree 9.
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Algebraically special solutions in the gravitational case

Using our main results, we proved that P2s+1 is a linear
combination of four generalised Laguerre polynomials.

This fact was proved before by E. Melas in 2017
(unpublished preprint) by another method.

It is important to notice that four has a physical significance,
in relation with the spin of the perturbation.

For mathematical and physical reasons it is very important
to express the solutions of the CHE as (formal) series of
Laguerre polynomials. In 2016, Alberto Grunbaum and al.
proposed a good formalism: the trigonalisation. This also
gives a new light on the “lucky accident” of Slepian, which
is the source of Alain Connes’ approach of the Riemann
hypothesis using prolate spheroidal functions.
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Transcendental approach

3-point connection
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Algebraically special perturbations of black holes

Using the Norman-Penrose formalism of the General Rela-
tivity, perturbations of a black hole can be expressed in
terms of five Weyl ’scalars’ (complex functions) Φi ,
i = 0, . . . , 4. We can arrange that Φ1 and Φ3 continue to
vanish in the perturbed space-time, while Φ2 retains its
original value unchanged.
Then perturbations in which we have only incoming
(Φ4 = 0, Φ0 ̸= 0) or only outgoing (Φ4 ̸= 0, Φ0 = 0) waves
are called algebraically special perturbations of the black
hole considered.

The Teukolsky-Starobinsky identites relate the two Weyl
scalars Φ0 and Φ4. They involve two constants C1, C2 and
one defines the Starobinski constant by |C|2 = C1C2.
Following S. Chandrasekhar, the vanishing of the Starobinski
constant is equivalent to the existence of an algebraically
special mode.
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Starobinski constant and no log condition
Schwarzschild case, gravitational perturbation σ = 2, ℓ ∈ N, ℓ ≥ 2.

A new result

The determinant expressing the Starobinski constant |C|2 is

equal to the determinant Θ
(−1)
2σ = Θ

(−1)
4 which expresses the

no log condition at x = −1 (r = 0).

The vanishing of the Starobinski constant is equivalent to
the fact that all the solutions of the Regge-Wheeler equation
are meromorphic at r = 0.

We have a factorisation Θ−1
2σ = ∆σ∆

∗
σ, where ∆∗

σ is the
determinant of dimension two obtained by the change
s 7→ −s in ∆σ.

|C|2 = (ℓ(ℓ− 1)(ℓ+ 1)(ℓ+ 2)− 6s) (ℓ(ℓ− 1)(ℓ+ 1)(ℓ+ 2) + 6s)

= ∆σ∆
∗
σ = Θ

(−1)
2σ .
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Algebraically special solutions are 3-special solutions

An algebraically special solution of equation RW is purely
ingoing (or outgoing) at the horizon and at infinity, therefore
it is a special solution associated to the 2-connection betwe-
en x = 1 (horizon) and ∞.
We connect by U = ℑx > 0. This half-plane connects the 3
points x ± 1 and ∞.
The monodromy at x = −1 is trivial, then all the local
solutions are special at x = −1 (r = 0). Therefore our
2-special solution is a 3-special solution.

We recall.

Proposition

A 3 special solution of a CHE is a generalised polynomial.

Therefore an algebraically special solution of equation RW is
a generalised polynomial.
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Kerr black holes, 3-special solutions

In the Kerr case of black holes (rotating BH), the Teukolsky
radial equation can be reduced to a CHE. The regular points
are at the outer and inner horizon and the irregular singular
point at infinity.

If a solution of the Teukolsky radial equation, in CHE form,
is purely ingoing (or outgoing) at the 3 singular points, then
it is locally special at these points. It is a 3-special solution
and therefore a generalised polynomial solution. In particular
an algebraically special solution is a generalised polynomial
solution.
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radial equation can be reduced to a CHE. The regular points
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Algebraically special modes, QNMs, TTMs, towards a clarification

The relations between algebraically special modes, QNMs
and total-transmission modes (TTM) are controversial
(Maassen van den Brink, 2000).

Using our approach, we see that:

All these modes correspond to special solutions.

Moreover, in the Schwarzschild case, the singularity at r = 0
of the radial equation is generically logarithmic. We saw that
this last point is important in relation with the algebraically
special solutions. (This was noticed before by Maassen van
den Brink.)

We think that our results could be used for a complete cla-
rification of the controverses.
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Darboux transformations and black-holes
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It is possible to transform the Regge-Wheeler equation into
the Zerilli equation using a Darboux transformation defined
by an algebraically special solution as a seed function. The
two potentials are SUSY partners:

VRW = W 2 + dW
dr∗

+ ω, VZ = W 2 − dW
dr∗

+ ω,

where W is the superpotential (or SUSY potential);
W = −ϕ′/ϕ, where ϕ is the seed function.

This is a reformulation of a “tour de force” calculation of Chan-

drasekhar (cf. Maassen van den Brink 2000, Glampedakis and al

2017). A Darboux transformation is a gauge equivalence and

therefore the differential Galois groups of the two equations are

isomorphic. Chandrasekhar proved by “brute calculations” that

the Regge-Wheeler and Zerilli equations have the same QNMs.

Using our analytic spectra this follows easily from the gauge equi-

valence.

The Zerilli equation is not a CHE, there is an added apparent

singular point. (It is a linearized equation of Painlevé five).
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Using our analytic spectra this follows easily from the gauge equi-

valence.

The Zerilli equation is not a CHE, there is an added apparent

singular point. (It is a linearized equation of Painlevé five).
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THE END
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THANK YOU FOR YOUR ATTENTION
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